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A MATHEMATICAL THEORY OF 
AESTHETICS? 


e 


RELATION OF THE THEORY TO EARLIER 
AESTHETIC THEORIES 


1. INTRODUCTION 


N a paper presented before the International Mathemat- 
ical Congress at Bologna in 1928? I proposed a mathe- 
matical theory of zsthetics as follows: 

‘The typical zsthetic experience can be regarded as con- 
taining three successive phases: (1) a preliminary effort, 
necessary to perceive the object and proportional to its com- 
plexity C; (2) the feeling of pleasure or esthetic measure M 
which rewards this preliminary effort; and finally (3) a 
realization that the object embodies a certain harmony, 
symmetry, or order O, more or less concealed, which seems 
to be a necessary condition, if not sufficient, for the esthetic 
experience. 

“Thus there arises almost at once the question of deter- 
mining in a given case to what extent this esthetic measure 
is simply the effect of the density of the relations of order, 

1A series of three public lectures, under the auspices of the Rice Institute 
Lectureship in Music, delivered in the Physics Amphitheatre, January 4, 5 and 
6, 1932, by George David Birkhoff, Ph.D. (Chicago), Sc.D. (Wisconsin and 
Brown), Professor of Mathematics in Harvard University. 

2“Quelques Eléments Mathématiques de I’Art,”’ Atti del Congresso Inter- 


nazionale dei Matematici, Bologna (1929), Vol. 1. 
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compared with the complexity. And so it seems natural to 
propose such a formula as 


oe 
C 

At the same time I gave preliminary indications of the 
application of this esthetic formula to polygonal forms,! 
tiles and vases. 

The program announced then has been followed up sys- 
tematically. What I wish to lay before you in these lectures 
which I have the great honor to give at the Rice Institute, 
is an account of this theory in its relation to earlier esthetic 
theories, and its applications to poetry and music. 

I realize how daring an attempt to found a mathematical 
theory of zsthetics must appear, but I hope that you will 
agree with me at the conclusion of this first lecture that the 
attempt is historically justified. 

Before entering upon this historical treatment, it is desir- 
able to state in more precise terms the point of view of the 
mathematical theory.’ 

The branch of knowledge called A®sthetics deals with 
esthetic feeling and with the esthetic objects which produce 
it. These objects fall into classes such that the objects of a 
definite class may be compared with respect to zsthetic 
value, while those of different classes cannot be thus com- 
pared. In this way arises the fundamental problem of 
Analytic Hsthetics, namely, for each class to determine as 
far as possible the zsthetic factors involved, and their 
relative importance. 

If we accept the mathematical theory indicated above, the 


1A more complete development of the theory of polygonal forms along these 
lines will be found in an article “ Polygonal Forms,” Sixth Yearbook of the National 
Council of Teachers of Mathematics, New York, 1931. 

?See in this connection an article, “A Mathematical Approach to Esthetics,” 
Scientia, 1931, 
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following formulation of the fundamental zsthetic problem 
may be made: within each class of esthetic objects to define 
the order O and the complexity C so that the ratio M =O/C 
yields the esthetic measure of the different objects of the class. 

A psychological justification of such a formula may be 
given. The act of perception of an esthetic object involves 
certain automatic motor adjustments, and the feeling of 
effort or tension which always accompanies perception ap- 
pears as a summational effect due to the tensions which 
accompany the various automatic adjustments. Thus if J, 
B, C, ... represent these adjustments, each with its index of 
tension a, b, c, ..., and if these respective adjustments are 
made 7, 5, t, ... times, we may consider the sum 


C=ratsbtict... 


to represent the complexity. 

On the other hand, the order O corresponds to certain 
associations called into play by the act of perception. An 
instance of such an association would be that of symmetry. 
More precisely, if associations of various types L, M, N, ... 
take place, each with its index of tone of feeling, /, m, n, ... 
and if these occur u, 2, w, ... times, then we may regard the 
total tone of feeling (positive or negative) to be 


O=ult+tom+wn-t+... 


representing the order O of the object. 

According to our theory it is the intuitive estimate of the 
amount of order, O, inherent in the esthetic object, as com- 
pared with its complexity, C, from which arises the feeling of 
the zsthetic measure, M, of the object considered; the 
fundamental formula embodies this conjecture. 

An instructive analogy is the following. Among business 
enterprises those are regarded as most successful in which 
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the annual profit p is largest in comparison to the invest- 
ment 1; thus the ratio p/z is regarded as the economic 
measure of success. Now in the esthetic experience, the 
effort of attention measured by C corresponds to the invest- 
ment, and the order O corresponds to the profit. By analogy 
it is the ratio O/C which represents the esthetic measure M. 

It is obvious that any such mathematical theory can only 
represent the facts for certain simple classes of zsthetic 
objects in which the zsthetic factors involved are essentially 
mathematical or formal. These formal factors comprehend 
symmetry, balance, repetition, sequence, etc. On the other 
hand there are connotative factors which are obviously 
beyond the reach of any such theory. An instance would be 
the associations involved in the meaning of a beautiful 
poem. 

Thus the quantitative application of the mathematical 
theory will be limited to that part of the esthetic effect which 
is due to the formal elements of order of simple type. How- 
ever, the formula can be held to be qualitatively applicable 
to the complete zsthetic experience. 

With these general facts concerning the mathematical 
theory in mind, we propose first of all to pass in brief review 
various earlier esthetic theories. The account given can 
only be one of broadest outline, of course, for the literature 
involved is extremely extensive. Our main interest will be to 
interpret the principal advances in terms of the mathematical 
theory, and to observe how far earlier writers, beginning 
with Plato and Aristotle, have perceived the presence of 
mathematical elements in art, and what réle they have as- 
cribed to these elements. 

The pleasurability of art as based upon its sensuous 
nature, its usefulness for purposes of instruction, its mystic 
quality due to the presence of connotative or occult formal 
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elements of order; all these are obviously important aspects, 
each of which has from time to time been looked upon as of 
dominant importance. Thus have arisen hedonistic, peda- 
gogic, and mystical theories of art and zsthetics. 

From the scientific point of view, however, it seems almost 
meaningless to declare that one of these aspects is the most 


~ fundamental. 


In contrast with hedonistic, moralistic, and mystical the- 
ories may be placed those analytic theories which attempt to 
discover the specific esthetic factors involved in the several 
fields of art, to appraise the réles of these factors, and then 
to formulate general laws so far as possible. Such theories 
are obviously concerned with what we have called the fund- 
amental problem of zsthetics. Our own mathematical 
theory finds its place among these analytic theories, but is 
distinguished from the others in that it aspires to provide a 
quantitative solution of the fundamental problem, at least 
as far as the formal side of art is concerned. 

It seems almost obvious that esthetics, if it is to be 
scientific, must be approached from the analytic point of 
view and must concern itself chiefly with the formal aspects 
of art. 

For this reason we shall allude only in the briefest terms 
to those esthetic writings which are not analytic in charac- 
ter, despite the fact that some of them are literary works of 
art of a very high order. 


2: PLATO 


From very early times there are to be found numerous 
critical reflections concerning poetry, painting, and sculp- 
ture. In fact it is inherent in the nature of the zsthetic 
process that objects of the same kind provoke comparison 
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and that this comparison leads to increased understanding 
of the underlying zsthetic factors. 

Now it was obvious first of all that painting and sculpture 
are closely akin in that they are representative or mimetic, 
and that poetry shares in this attribute because of its capac- 
ity to suggest a series of visual and auditory images. On the 
other hand poetry was seen to differ from painting and 
sculpture because of its much greater pedagogic power. In 
this respect poetry is similar to philosophy, but differs from 
it in that poetry conveys ideas in an indirect pleasing manner 
rather than in the direct neutral manner characteristic of 
philosophical discourse. 

From his philosophic point of view Plato was led to as- 
sign an inferior position to art because of this mimetic 
quality: for a work of art was the imitation of an object, 
and these in turn were but faint copies of the fundamental 
Platonic Ideas; thus art, as the imitation of an imitation, 
could scarcely merit serious philosophic consideration. Fur- 
thermore the admixture of the sensuous element in art did 
not meet.with his approval. In consequence of these con- 
siderations Plato proposed to exclude poets from his ideal 
Republic. . 

Such a criticism of art is evidently unsound since it ignores 
the fact that art is imaginative and expressive. 

Plato was also interested in the problem of the beautiful 
as Socrates and other philosophers had been before him. In 
general it may be said that for him the beautiful was not 
that found in art, but rather that of objects in nature. Thus 
in the Hippias maior a beautiful maiden, mare, lyre, and 
vase are instanced. The beauty of laws and of actions is 
also remarked upon. 

In this dialogue several definitions of the beautiful are in 
turn examined and rejected: that which is fitting, or useful, 
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or good; that which delights the sight and hearing. It is 
evident that the first definitions are negative and therefore 
incomplete; they refer to those conditions which must be 
satisfied before beauty can be possible. The second defini- 
tion is also finally rejected because no common element in 
the senses of sight and of hearing is found, so that beauty 


- would appear to be two things, instead of one. 


But there is an underlying common element. Space is 
what mathematicians call a “three-dimensional metric mani- 
fold’’; likewise time is a one-dimensional metric manifold. 
Spatial form and temporal form are therefore of the same 
abstract nature, and the esthetic enjoyment of spatial and 
temporal objects arises in large measure from the formal 
relations of metric manifolds. Goethe’s characterization of 
architecture as frozen music embodies this truth sugges- 
tively. 

Plato himself recognizes the importance of this mathe- 
matical element, for we read in the Philebus: ‘If arithmetic, 
mensuration, and weighing be taken out of any art that 
which remains will not be much,” and again, “‘ For measure 
and proportion always pass into beauty and excellence.”’ In 
connection with this second passage it is made explicitly 
clear that he is referring to beauty of geometric form, as 
exemplified for instance by a circle, and beauty of musical 
form, as exemplified by a pure musical note. 


3. ARISTOTLE 


Aristotle, inventor of formal or syllogistic logic, author of 
the Poetica and the Rhetorica, saw more clearly than Plato 
that art is expressive and not merely imitative.. At the 
same time it was not this characteristic which seemed to him 
fundamental, but rather the characteristic of mathematical 
form: ‘‘those are mistaken who affirm that the mathematical 
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sciences say nothing of beauty or goodness. For if they most 
especially discern and demonstrate the facts and definitions 
relating to them, though without naming the qualities in 
question, that is not keeping silence about them. The main 
elements of beauty are order, symmetry, definite limitation, 
and these are the chief properties that the mathematical 
sciences draw attention to.” 

In his very searching analysis of poetry, Aristotle deals 
mainly with zsthetic factors other than that of the musical 
quality which we shall consider. His concept of tragedy as 
“a representation of an action noble and complete in itself, 
and of appreciable magnitude, in language of special fascina- 
tion, using different kinds of utterance in the different parts, 
given through performers and not by means of narration 
and producing by pity and fear, the alleviating discharge of 
emotions of that nature’? recognizes this musical factor, for 
by “language of special fascination”’ is certainly meant that 
involving rhythm and melody. 


4. PLoTINUS 


The late Greek philosopher Plotinus is the first great 
representative of the mystical point of view referred to 
above. He refused to admit that beauty is identifiable with 
mere symmetry: “beauty is rather a light that plays over 
the symmetry of things than the symmetry itself, and in 
this consists its charm. For why... are the more lifelike 
statues the more beautiful, though the others be more sym- 
metrical... except that this living beauty is more desir- 
able?’ Here “light” refers to actual light in the physical 
sense. According to him things are beautiful because they 


1 Metaphysics. 


* Poetics. See Bosanquet, History of Esthetics, p. 64. 
3 Ennead. 
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participate in having the attribute of rational form, charac- 
teristic of the soul, rather than because of symmetry. 

The reaction of Plotinus against the point of view of Plato 
and Aristotle is justified to the extent that it stresses the 
inadequacy of any purely formal analysis of a work of art. 
But when he proceeds to interpret the esthetic experience 
- in a purely mystical manner, it does not appear that any 
real advance is accomplished. 


5. Tue Greek VIEW 


It appears then that the prevailing Greek view empha- 
sized the importance of the formal elements in art. Bosan- 
quet says:' “the one true zsthetic principle recognized by 
Hellenic antiquity in general’ is that ‘beauty consists in 
the imaginative or sensuous expression of unity in variety 
... Lhe relation of whole to part—a slightly more concrete 
expression for unity in variety—has never been more per- 
fectly elucidated or more justly appreciated than by Plato 
and Aristotle... Moreover the relation of the one to the 
many or of the part to the whole is represented in compara- 
tive purity by geometric figures, or again by rhythmic or 
spatial intervals that bear numerical relation to one another. 
And for this reason Greek philosophy is inclined to select 
form, ratio, or proportion as the pure and typical embodi- 
ment of beauty.” 


6. Luca Pacitoitt. MicHELANGELO 


Although it was not until the seventeenth century that 
important new zsthetic ideas appeared, it is interesting to 
observe that, even earlier, mathematicians and artists were 
led to ascribe peculiar esthetic merit to certain numerical 
proportions. Thus the mathematician Luca Pacioli in his 


1 History of Aisthetics. 
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De divina proportione of 1509 considers the “golden section” 
of a linear segment to be fundamentally important in this 
way. This section divides the segment so that the shorter 
part is to the longer as the longer is to the whole segment. 

Michelangelo, close friend of Pacioli, ascribed certain 
simple proportions to the ideal human figure. 

The mathematical theory which is here adopted provides 
no justification for any mystic Pythagorean dogma in the 
field of zsthetics, although it recognizes the importance of 
numerical relationships in certain cases.’ 


7. FRACASTORO 


What appears to be the first explicit statement that beauty 
must always be relative to objects of a definite class was 
made by the physician and poet Fracastoro in his De 
poetica® of 1555. 

This truth is of course involved in our formulation of the 
fundamental esthetic problem. It is more or less implicit in 
the works of Plato and Aristotle. 


8. Wit anp TAsTE 


In the seventeenth and early eighteenth centuries a great 
deal of suggestive zsthetic discussion turns upon the dis- 
cussion of “wit” and “taste.’’? It is difficult, however, to 
attribute the origin of these notions with certainty to 
particular writers. 

“Wit” is taken as synonymous with genius and creative 
imagination, and as standing in contrast with pure intellect. 
Similarly “taste” refers to the intuitive zsthetic judgment 


1See my article on Polygonal Forms for a discussion of the “golden section.” 
: See Croce, History of Aisthetics (second English edition, 1922), p. 185. 
* For an account of this development see Croce, loc. cit., Chap. III. 


x 
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based on esthetic feeling, which may, however, be in part 

- susceptible of intellectual analysis. 

_ The notion of “taste” is inherent in our analysis of the act 

of zsthetic perception: first the effort of attention, then 

the intuitive zsthetic judgment, dependent upon “taste,” 

and finally analysis. 

- “Wit,” or the faculty of creative imagination, is evidently 
closely allied with “taste,” or the appreciative faculty. In 

fact wit may be regarded as taste transposed to a higher key. 


9. DEscaRTES 


The rationalistic philosophy of Descartes gave to reason- 
ing a position of first importance: cogito ergo sum. Himself 
a creative mathematician, he regarded mathematical rea- 
soning as the model from which to start. The formalistic 
universe to which a mixture of speculation and reason led 
him, contained many metaphysical, physical, biological, 
physiological, and psychological doctrines of great original- 
ity and interest. Unfortunately, in his dualistic account of 
mind and matter, imagination was regarded as caused by 
the play of the animal spirits upon the mind. In conse- 
quence, poetry and other works of art were tolerated only in 
so far as they were in accord with reason. It is very signifi- 
cant of this general attitude that Descartes scarcely refers to 
zesthetic questions in his extensive writings. 


10. Lrisnitz 


The formalistic universe of Leibnitz, also a great mathe- 
matician, provided for every conceivable type of being, each 
having its representative monad. Thus he was able to 
admit zsthetic facts without any difficulty. Aisthetic per- 
ceptions and judgments appear as valid forms of knowledge. 
Such knowledge is as clear as intellectual knowledge, but 
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differs from the latter in that it is confused instead of dis- 
tinct... Here he follows a classification employed earlier by 
Descartes. 

Leibnitz’s celebrated enigmatic definition of music as 
“counting performed by the mind without knowing it is 
counting” will be seen to be consonant with our thesis that 
the density of certain orderly relations among the notes, 
estimated intuitively, measures the zsthetic effect. This 
definition of Leibnitz may also be regarded as partly sub- 
stantiated by other musical researches to which we shall 
refer. 


11. Borteav. De Crousaz 


Boileau and other writers of the Cartesian school soon 
tried to extend Cartesian doctrines to the zsthetic realm. 
This attempt led inevitably to a completely intellectualized 
point of view. De Crousaz says in his Traité du beau of 
1724: ‘Good taste makes us appreciate at first by feeling 
that which reason would have approved...” But this 
claim is certainly exaggerated in all of those cases where 
important connotative elements enter, as we have pointed 
out. 

The main factors of the beautiful were considered by de 
Crousaz to be variety, unity, regularity, order, and propor- 
tion. Evidently these are essentially the same mathematical 
elements of order specified by Plato and Aristotle. 


12. Vico 


nee a jurist known generally for his “philosophy of his- 
Me 3 ‘ 

tory,” in common with many others of his period, reacted 
strongly against the intellectualistic view of poetic art. He 


1 De cognitione veritate et ideis (1684). 


“Pees Oe 
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considered imagination as embodied in poetry as of equal 
importance with intellect as embodied in metaphysics, and 
independent of it. Furthermore he identified poetry with 
language, thus emphasizing first of all the expressive power 
of art.! For this reason Croce, himself of the same school, 
regards Vico as “the real revolutionary who by putting 
aside the concept of probability and conceiving imagination 
in a novel manner actually discovered the true nature of 
poetry and art and, so to speak, invented the science of 
Esthetics .. .”” 

However, after the acceptance of such a vigorous afiirma- 
tion of the expressiveness of art, it remains (in our opinion) 
to discover how art is made expressive. This analytic 
phase was repellent to Vico. To us on the contrary it 
appears to be the chief part of the science of zsthetics. 


13. RAMEAU 


The musician Rameau in his Traité de ’harmonie of 1737 
penetrated deeply into the nature of harmony, and thus 
contributed to the understanding of certain zsthetic effects 
in music. He observed that a musical note is in general 
composite, being composed of a pure fundamental note and 
overtones which can be heard, and that notes differing by 
an octave are so similar in their esthetic effect as to be almost 
identical. These facts lead directly, as we shall see, to an 
understanding of the Western scale. They also lead to the 
notion of the fundamental bass or root of a chord, due to 
Rameau, and explain why this bass must in general proceed 
by a fourth or fifth, up or down to its harmonically nearest 


notes. 
The cogency of his development seemed to Rameau so 


1 Scienza nuova prima (1725). 
2 Loc. cit. 
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complete that he entitled a later work (1750) Démonstration 
du principe de ’harmonie. However the acute mathemati- 
cian, d’Alembert, gave a clear presentation of Rameau’s 
work in which he stated the requisite empirical rules without 
attempt at their demonstration.! 

Rameau’s treatment of harmony and other later treat- 
ments of harmony differ from that which we shall propose in 
two fundamental respects: they are qualitative rather than 
quantitative, since they aim only to exclude inadmissible 
chords and chordal sequences; and empirical exceptions are 
introduced wherever necessary, whereas our theory pro- 
ceeds uniformly on the basis of the specific evaluation of 
simple zsthetic factors. 


14. EuLer 


In his Tentamen nove theorie Musice of 1739, the mathe- 
matician Euler developed a theory of consonance based 
upon the Pythagorean law. This was interpreted in the 
general sense that the smaller the integers expressing the 
vibration ratio of two notes, the more consonant the notes 
involved will be. In this way he is led to a simple empirical 
rule for estimating the degree of harmoniousness of any 
musical interval or chord, which in general corresponds 
with the observed facts. 

The degree of harmoniousness is of course entirely distinct 
from that of agreeableness or esthetic measure. For in- 
stance, unison and the octave are the most harmonious of 
all intervals, but are not the most agreeable. Nevertheless it 
is extremely interesting that Euler should have formulated a 
quantitative rule for the measurement of harmoniousness. 

Euler’s general concept of the nature of zsthetic enjoy- 
ment was in entire agreement with our own as may be 


1 Eléments de Musique, suivant les principes de M, Rameau (1762). 


——- 
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gathered from the following general account of it as given 
by Helmholtz:! ‘‘The more easily we perceive the order 
which characterizes the objects contemplated, the more 
simple and perfect they will appear, and the more easily 
and joyfully shall we acknowledge them. But an order 
which costs trouble to discover, although it will indeed also 
please us, will associate with that pleasure a certain degree 
of weariness and sadness.”’ 


15. HocGartTH 


The artist Hogarth in his Analysis of Beauty (1753) at- 
tempted an analysis of the esthetic factors in painting. The 
zsthetic problem here is vague and difficult. He did no more 
than enumerate formal factors such as symmetry, variety, 
uniformity, simplicity, intricacy, quantity, and the factor 
of convincing representation. He ascribed an especial beauty 
to a serpentine line which he called the Line of Beauty. 


16. Burke 


At about the same time the statesman and philosopher 
Edmund Burke in his Enquiry into the Origin of our Ideas 
of the Sublime and the Beautiful (1756) separates the sensuous 
and imaginative factors in the works of art. These latter 
are conceived of as essentially mimetic. Furthermore he 
endeavored to classify the various zsthetic factors upon 
which depend the beauty of an object: smoothness, variety 
in the parts, lack of angularity, etc. 


17. HEMSTERHUIS 


The philosopher Hemsterhuis in a Lettre sur la sculpture 
published in 1769 gave a definition of the beautiful which 
has become very well known: ‘‘the beautiful is that which 


1 Tonempfindungen (1862). 
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gives the greatest number of ideas in the shortest space of 
time.” 

This definition contains much of the essence of our 
fundamental formula taken in a qualitative sense. For, the 
ideas to which he refers correspond to our connotative 
elements of order in the esthetic object. 


18. Kant 


The great philosopher, Kant, devoted much attention to 
zsthetic questions. To him, zsthetic ideas expressed in 
works of art are supplementary to logical ideas or concepts 
and reinforce them: such works “make us think more than 
we can express in a given concept by means of words and 
give us an zsthetic idea which serves to this rational idea 
instead of a logical representation.””! 

Evidently this doctrine emphasizes the expressive charac- 
ter of art, and points toward the associations and feelings 
aroused by the contemplation of a work of art as of vital 
importance. 

Kant expressed clearly the distinction between sensuous, 
emotional, moral, or intellectual feeling and esthetic feeling 
to which we alluded at the beginning; sensuous and emo- 
tional feeling is excluded because the beautiful must please 
“without interest”’?; moral feeling is excluded because it 
must please “‘without the representation of an end”’; intel- 
lectual feeling because it must please “without concepts.” 

Throughout Kant’s writings there is evident a strong tend- 
ency toward the mystical view towards art. There is little 
which can be regarded as analytical. 


19. ScHiILLerR. HEGEL 


The followers of Kant and his metaphysical idealism con- 


tinued in the same nebulous speculative realm of thought. 
1 Krititk der Urtheilskraft (1790). 
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Their esthetic writings culminate in striking mystic phrases 
such as: beauty is “living form” (Schiller); “art cancels 
matter through form” (Schiller); beauty is the “sensible 
appearance of the Idea”’ (Hegel). 


20. HERBART 


Among those of the Kantian school, Herbart seems to us 
the most suggestive in his point of view towards zsthetics, 
despite a certain dry formalism. 

For Herbart beauty consists primarily in relations, that 
is, in elements of order according to our terminology. 
Furthermore, art is two-sided: it possesses content, which 
is not properly zsthetic, and form, which is of its essence.! 
Evidently his division into form and content corresponds 
closely with our own into formal and connotative elements 
of order. 


21. ScHLEIERMACHER 


The theologian and philosopher Schleiermacher insisted 
on the inspired expressional nature of art, as so many of the 
Kantian school and others have done. What especially 
interests us is his realization that a work of art must be 
compared with others of the same kind. In his insistence 
upon this fact he is very explicit: ‘“‘there is no difference 
in works of art except in so far as they can be compared in 
respect of artistic perfection.”’ ‘In this respect the biggest, 
most complicated canvas is on a level with the smallest 
arabesque, the longest poem with the shortest... This 
proposition must be adhered to absolutely, if irrelevant 
elements are not to enter everywhere.’ 

By this insistence Schleiermacher clarified the funda- 


1 Finleitung in die Philosophie (1813). 
2 Vorlesungen uber Aesthetik (published in 1842 after his death). 
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mental problem of zsthetics. In the various applications 
of the mathematical theory it is essential that the class of 
zsthetic objects be closely prescribed. We are entirely in 
agreement with Schleiermacher in this respect. 


DIL OE 


The American poet, Poe, always a theorist and many times 
an extravagant one, was led by his study of poetry to an 
zsthetic theory in which is formulated, apparently for the 
first time, the conjecture that zsthetic elements of order 
have a definite weight. The following quotation from his 
essay The Rationale of Verse (1843) embodies his conjec- 
ture: 

“Let us examine a crystal. We are at once interested by 
an equality between the sides and between the angles of one 
of its faces: the equality of the sides pleases us; that of the 
angles doubles the pleasure. On bringing to view a second 
face in all respects similar to the first, this pleasure seems to 
be squared; on bringing to view a third, it appears to be 
cubed, and so on. I have no doubt indeed, that the delight 
experienced, if measurable, would be found to have exactly 
mathematical relations such as I suggest; that is to say, as 
far as a certain point, beyond which there would be a 
decrease in similar relations.” 

So far as I know, this is the only affirmation of the kind 
to be found in earlier esthetic theories. 

In the application of this general idea to poetry Poe dealt 
with the formal elements of rhyme (interpreted to include 
alliteration and assonance) and metre. For rhyme and metre 
were respectively the “equality”’ of sound and the “equal- 
ity” of time, both.appreciable by the ear. He formulated no 
precise definition of the corresponding musical quality in 
poetry, but his poems are remarkable in this respect. 


" 
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23. SPENCER 


The positivist philosopher Spencer made several penetrat- 
ing remarks in the field of zsthetics. In his Philosophy of 
Style (1852) he asserts that the effective cause of style is 
economy of effort. The notion of economy of effort, inde- 
pendently developed later by Fechner, is evidently in accord 
with our theory. In the nearly contemporaneous Origin 
of Architectural Styles Spencer ascribes the beauty of archi- 
tectural form to uniformity and symmetry, qualities exhi- 
bited in the forms of nature; in other words, the zsthetic 
effectiveness of symmetry in architecture for instance is 
due in part to its association with the symmetry of the 
human body and other natural forms. Moreover in his 
Origin and Function of Music (1857), he advances the view 
that music is derivative from language. In our opinion the 
connotative element in music, produced by this linguistic 
origin, is beyond the reach of any analytic theory such as 
that here advanced. 


24. HELMHOLTZ 


Helmholtz, physiologist, physicist and mathematician, 
undertook the systematic examination of the physical and 
physiological basis of sensations of tone. The Tonempfin- 
dungen (1862) constitutes a veritable principia of the sub- 
ject. In particular the existence of summation and differ- 
ence tones is established, and explained upon a mathematical 
basis. 

His genetic account (following Rameau) of chords and 
the Western scale is complete, in that these are shown to 
arise naturally. In other words the associative structure 
involved is traced in all of its ramifications. 
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Helmholtz only considers briefly the more complicated 
question of chordal sequences and in this respect does not 
go much beyond Rameau. 

In his work there is to be found no indication of any quan- 
titative outlook. However he clearly adheres to the general 
analytic point of view, for he says: ‘‘No doubt is now 
entertained that beauty is subject to laws and rules depend- 
ent on the nature of human intelligence” which “are not 
consciously present to the mind, either of the artist . . . or 
the observer.” Indeed “‘it is an essential condition that the 
whole extent of the regularity and design of a work of art 
should not be apprehended consciously. It is precisely from 
that part of its regular subjection to reason which escapes 
our conscious apprehension that a work of art exalts and 
delights us.” 

Thus Helmholtz believes that art depends upon definite 
laws which may be discovered. He denies, however, that 
art can satisfy after its structural laws are understood. 

It seems to us that this last conclusion is not fully justi- 
fied. In fact it is in an involved density of elements of order, 
obvious or more or less concealed, that we shall find the 
secret of successful musical form. These types of order are 
so varied and numerous, however, that the same zsthetic 
effect is felt regardless of the possibility of systematic enu- 
meration which reveals the constituent elements involved. 


25. SYLVESTER 


The mathematician and casual poet, Sylvester, undertook 
in his Laws of Verse published in 1870 to reduce versification 
to definite principles. It is evident that he was influenced 
by the earlier work of Poe in this direction, with whom he 
finds himself in general agreement. 


& 
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Although Sylvester dealt mainly with rhythm, his con- 
tribution is to be regarded as a distinct advance in the 
zsthetics of verse. 

Sylvester divides the technical (formal) side of verse 
which he calls the ‘‘Rhythmic” into three branches: 
*““Metric,”. about which he accepts Poe’s doctrines; ‘“Chro- 
matic” dealing with the tonal side into which he does not 
enter, and the ‘“‘Synectic” dealing with the ‘‘continuous 
aspect of the Art.” In Synectic, the central concept is that 
of “Phonetic Syzygy,” ‘‘to which we must attend in order 
to secure that coherence, compactness, and ring of true 
metal, without which no versification deserves the name 
of poetry.” 

This concept of Phonetic Syzygy will be seen later to cor- 
respond roughly to our esthetic measure of musical quality 
in poetry. 


26. HANSLICK 


The philosopher Hanslick has exerted a strong influence 
against the opinion that music is beautiful primarily because 
of its mimetic linguistic power rather than as the embodi- 
ment of abstract form.! 

In speaking of the beautiful in music he says: “‘Jts nature 
is specifically musical. By this we mean that its beauty is 
not contingent upon, or in need of any subject introduced 
from without, but that it consists wholly of sounds artisti- 
cally combined. The ingenious coordination of intrinsically 
pleasing sounds, their consonance and contrast, their flight 
and re-approach, their increasing and decreasing strength— 
this it is which in free and unimpeded forms presents itself 
to our mental vision.” 


1 Von musikalsche Schénen (1874), also The Beautiful in Music (translation, 
1891). 
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“Tt is extremely difficult to define this self-subsistent and 
specifically musical beauty.” 

‘There is no art which, like music, uses up so quickly 
such a variety of forms.” 

‘Mathematics though furnishing an indispensable aid to 
the study of the physical aspect of music must not be over- 
rated .. . No mathematical calculation ever extends into a 
composition.” 

Evidently Hanslick goes beyond Helmholtz in affirming 
that musical beauty is formal and is made up of elements of 
order which are complex but can be effectively analyzed. 
He perceives also that each type of music is limited by the 
allowance of means which it employs, as we shall assert. 
His reference to mathematics is evidently to its use in 
physical acoustics. 

Our own theory is of course devoid of any mathematics 
except mere enumeration. Moreover, it is not supposed 
by us that the elements of order are counted when music is 
heard, but rather that they are intuitively felt in their ag- 
gregate weight. 


27. FECHNER 


With the rise of modern experimental psychology it was 
inevitable that the field of esthetics should be approached 
in the light of the new ideas. The wellknown psychologist 
Fechner attempted to found a science of zsthetics “from 
below,” of this kind. 

In the long list of “principles” and “‘laws”’ to which he is 
led, an important réle is assigned to association. We have 
seen how important this rdle is. 

Fechner contrasts the direct factor in esthetic perception 
with this associative factor. For example, in the perception 

1 Vorschule der Aesthetik (1876). 
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of an orange, the direct factor would be essentially that of 
a yellow sphere; the indirect, that of a delicious tropical 
fruit. 

Undoubtedly Fechner did not consider the symmetry of 
the orange to give rise to an association. Our reason for so 
regarding it may be stated as follows: all objects possessing 
~ such symmetry are associated by means of the uniform tac- 
tual and visual technique involved; in general this symmetry 
is desirable, so that the association has a positive tone 
of feeling. 

Aside from his recognition of the importance of associa- 
tions for zsthetic perception, Fechner’s main contribution 
is methodological. He was the first to endeavor to treat 
the fundamental esthetic problem for simple classes of 
zsthetic objects such as rectangles by direct experiment. 


28. Lipps 


The psychologist Lipps stressed the importance of the 
empathetic factor in esthetic perception, by which the self 
is identified with the artistic object.!_ Such identification is 
obviously important in the appreciation of a statue. Here 
the complete set of associations induced by the act of atten- 
tive perception necessarily leads to such an empathic 
response. The importance of empathy seems less clear in 
other cases. 


29. GURNEY 


The philosopher and psychologist Gurney in his Power of 
Sound (1889) undertakes to appraise the réle of the formal 
elements of order in music. Unfortunately he overlooks the 
presence of any but the most obvious formal elements and 
does not perceive in the least how such order should be 


l4esthetischen Faktoren der Raumanschauung (1891). 
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measured. In consequence he is forced to the conclusion 
that music is ‘Ideal Motion” and that “‘the essential char- 
acteristic of the complete Ideal Motion is an absolutely 
unique beauty perceived by an absolutely unique faculty . . .” 
Of course such a conclusion is entirely mystical. 

A specific solution of the problem of melody, which 
Gurney thus declares to be insoluble, will be tentatively 
proposed by us later. 


30. Croce 


The zsthetician and philosopher Croce follows in the 
steps of Vico and others by insisting that art is expressive: 
“Art is expression of impressions . . . ”!; art is ‘‘lyrical intui- 
tion.’’? For him knowledge is divided into intuitive knowl- 
edge and conceptual knowledge; the first finds its expression 
in art, the second in science and philosophy. 

Such general philosophical definitions and classifications, 
however true, can never serve as the point of departure for 
a science of zsthetics. They are self-limited, and form a 
kind of philosophic citadel from which any and all more 
definite conclusions can be conveniently assailed. 


31. Lanier 


The American poet Lanier has written an important 
book, The Science of English Verse (1901), in which his 
starting point is the definite parallelism between poetry and 
music: ‘Perhaps no one will find difficulty in accepting the 
assertion that when formal poetry or verse . . . is repeated 
aloud, it impresses itself upon the ear as verse only by means 
of certain relations existing among its component words 
considered purely as sounds, without reference to their 


1 Loc. cit. 
* Aisthetics, Encyclopedia Britannica, 14th edition (1929), 
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associated ideas’; ‘‘the sound-relations which constitute 
_’ music are the same as those which constitute verse, and the 
main distinction between music and verse is, when stated 


_ with scientific precision, the difference between the scale of 


tones used in music and the scale of tones used by the human 
speaking-voice.”’ 

In developing this thesis, Lanier confines his attention 
mainly to the phenomenon of rhythm, where his views differ 
substantially from those of Poe. 

There is of course no effort at a quantitative considera- 
tion of rhythm by Lanier. 


32. Ross. Pope 


My colleague, Dr. Denman W. Ross, has systematically 
treated design and painting by analysis of the formal zsthetic 
factors which enter. . 

In his Theory of Pure Design (1907) he says: ‘The Beau- 
tiful is revealed, always, so far as I know, in the forms of 
Order, in the modes of Harmony, of Balance, and Rhythm. 
While there are many instances of Harmony, Balance, and 
Rhythm which are not particularly beautiful, there is, I 
believe, nothing really beautiful which is not orderly in one 
or the other, in two, or in all three of these modes. In 
seeking the Beautiful, therefore, we look for it in instances 
of Order, in instances of Harmony, Balance, and Rhythm. 
We shall find it in what may be called supreme instances.” 

Thus Ross defines that to be beautiful which is a “supreme 
instance of Order.”! This concept, although entirely quali- 
tative, is evidently akin to that embodied in our general 
theory. 

Ross has classified the formal elements of order 1n paint- 


10n Drawing and Painting (1912). 
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ing and design as due to repetition, sequence, and balance 
as applied to tones, sizes, and shapes. 

However, the conditions under which such order be- 
comes “emotionally, as opposed to intellectually, appreciable 
order” are none too clear; the importance of this question 
has been pointed out by my colleague Professor Arthur 
Pope.” 


33. Tue Eastern VIEW OF ART 


So far as I can discover, the general analytic treatment of 
art, such as leads to esthetics properly so called, is not to be 
found in the East. Instead there are charming literary 
anecdotes about artists and their work, as well as definite 
technical rules for the artist. 

There are some slight indications of a more general point 
of view; for instance in Chinese art there are such pro- 
nouncements as the Six Canons of Painting of Hsieh Ho: 
(1) vitality, (2) anatomical structure, (3) conformity with 
nature, (4) suitability of coloring, (5) artistic composition, 
(6) finish. Likewise in Indian music there is much elabora- 
tion of the modes of musical scales. 


34. CoNcLuDING REMARKS 


In the above account no attention has been given to various 
subjective theories such as are often formulated by poets 
and other creative artists because of their pragmatic use- 
fulness. Of course the artist, on account of his highly 
developed powers of intuitive judgment, is not apt to stray 
far from the right track because of a wrong theory. In fact 


such a theory may prove valuable by suggesting novel com- 
binations and experiments. 


*An Introduction to the Language of Drawing and Painting. I. The Painter's 
Terms (1929). 
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This account of earlier zsthetic developments shows 


- clearly that the principal zsthetic advances of the past can 


be conveniently described and interpreted in the light of 
our mathematical theory, at least in so far as they are con- 
cerned with the precise formal side rather than the elusive 
connotative side of the zsthetic experience. 


II 
THE MUSICAL QUALITY IN POETRY 


1. Tue TriparTITE NATURE OF VERSE 


N the analysis of poetry we shall make a division of the 
esthetic factors into those pertaining to significance, 
musical quality, and metre. 

The significance of a poem is to be found in its “poetic 
ideas,”” which must be expressed in accordance with Hem- 
sterhuis’s general dictum of the “‘greatest number of ideas 
in the shortest space of time.”’ In other words the poet must 
begin with a poetic vision, and then by the use of poetic 
license, effective figures of speech, and onomatopoetic 
devices obtain an adequate embodiment of this vision in 
terse form; that is, in a form much shorter than would be 
necessary for an equally adequate expression in the language 
of prose. 

One can find frequent appreciations of this first factor in 
poetry. The poet Shelley when he defined poetry as “‘the 
expression of the imagination” was alluding to the primacy 
of the poetic idea. The wellknown important réle of poetic 
freedom as an essential element in expression is indicated 
by Pope as follows: 


Thus Pegasus a nearer way to take, 
May boldly deviate from the common track. 


The terseness of poetry is stressed by Voltaire: “‘ Poetry says 
more and in fewer words than prose.” 
216 


+ 
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This factor of significance is evidently essentially conno- 
tative in its nature and beyond any possibility of formal 
analysis. It is perhaps the most important single element in 
poetry, and yet poetry without musical quality and metre 
is not properly poetry at all. 

The other two factors of musical quality and metre are 
much more formal in their nature. It is because of these 
factors, which correspond to those of harmony and rhythm 
in music, that Fuller wrote ‘Poetry is music in words, and 
music is poetry in sound.” 

We shall say nothing of metre in what follows except to 
mention its similarity to rhythm in music. This similarity 
has been considered by Lanier in his Science of Verse, who 
goes so far as to use musical notation in order to specify 
metre. It is to be expected that metre in poetry will be 
susceptible of mathematical analysis in regard to zsthetic 
effect, just as is rhythm in music. 

As far as metre is concerned, the poet must first select 
an appropriate and sufficiently pliable metric form; and then 
in the inevitable deviations from its rigid execution be guided 
by a delicate sensibility of their effect upon the ear. 

The remaining factor of musical quality, to which we 
devote our attention, is in certain respects the most charac- 
teristic one. Thus Butler wrote: 


For rhyme the rudder is of verses 
With which, like ships, they steer their courses, 


and Shelley lays a similar emphasis: “The language of the 
poets has ever affected a sort of uniform and harmonious 
recurrence of sound, without which it were not poetry and 
which is scarcely less indispensable to the communication of 
its influence than the words themselves without reference to 
their peculiar order.” It is here that the ingenuity of the poet 
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is much more exercised than in following some more or less 
arbitrary metric form. 


2. Tue Musicar Quatity in PoETRY 


It must be borne in mind that the notion of musical qual- 
ity, as separable from significance and metre in a poem, is 
only approximately tenable. In such a line as the following 
of Tennyson’s: 


The league-long roller thundering on the reef, 


there is expressed an imaginative theme for the eye and ear 
in onomatopoetic language of the utmost terseness, having 
appropriate metric structure and unusual musical quality. 
This line is, however, to be looked upon as produced by the 
intimate union of these factors, and so as being much more a 
mere aggregation of them all. 

Nevertheless it is certain that the musical factor is toa large 
extent appreciable by itself, so that two poems can be intui- 
tively compared, in regard to their musical quality, almost 
regardless of their significance or metric form. 


3. RHYME 


The first and most obvious part of the musical factor in 
poetry is rhyme. Here, in Western poetry, one group of 
sounds is compared with another in the following manner. 
The initial (elementary or complex) consonantal sound of 
the first group corresponds to a distinct initial consonantal 
sound in the second group; the remaining sounds of the two 
groups are identical. It is required furthermore that the 
two groups contain one accented vowel sound having the 
same relative position in the two groups, and that these 
groups terminate with a word. The following are simple 
instances of such rhyming groups: 


= 
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Khan, tran; decree, Sea; fire, desire; numbers, slumbers; 
remember, December. 
There are also certain slight licenses that are admitted in 
thyme, to which we can only allude in passing. The element 
of rhyme in poetry is analogous to the element of melodic 
contrast in melody, and plays a considerable part. 


4. ASSONANCE 


Under certain circumstances the repetition of a vowel 
sound gives rise to pleasurable feeling of assonance; it is 
only in this narrow sense of vowel repetition that we shall 
employ the word ‘assonance.’ The effect of assonance is 
increased by further repetitions at least up to a certain point, 
after which the excess of assonance becomes unpleasantly 
monotonous and disagreeable. 

The factor of assonance in poetry is analogous to that of 
repetition in melody. Its use is illustrated, for instance, by 
the following opening lines from Poe’s poem, “‘The Bells”’; 

Hear the sledges with the bells, 


Silver bells! 
What a world of merriment their melody foretells! 


These two lines contain the vowel sound of ¢, as in bells, 
eight times in twenty-three syllables, and yet this repetition 
is not felt as excessive. Throughout Poe’s poem the same 
sound is repeated extremely often. This repetition would 
be felt to be monotonous if the recurrence did not contain an 
onomatopoetic suggestion appropriate to its subject, “‘The 


Bells.”’ 


5. ALLITERATION 


By alliteration we shall mean only such repetition of con- 
sonantal sounds as is felt by the ear. For instance in the first 
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two lines from “The Bells,” there is alliterative occurrence 
of the sound s = z. 

A more nearly excessive use of alliteration and assonance 
occurs in the following interesting illustrative experimental 
stanza given by Poe in his essay “The Rationale of Verse”: 

Virginal Lilian, rigidly, humblily dutiful; 
Saintlily, lowlily, 


Thrillingly, holily, 
Beautiful! 


Here the consonant sound of / appears no less than sixteen 
times in the thirty syllables while the short vowel sound 7 
occurs thirteen times. Observe also the five times recurring 
repeated syllable, /7/7. 

A fundamental flaw in this stanza is of course the appear- 
ance in it of two non-existent adverbs, “saintlily” and 
“lowlily.” 

Alliteration, like assonance, is analogous to the element 
of repetition in melody. 


6. Tue Musicat VowEL Sounps 


In general the vowel sounds are smoother than the con- 
sonantal sounds, and, among the vowel sounds, there are cer- 
tain ones which are especially musical in quality, notably 
the a as in art, the uw as in tuneful, beauty, and the o as in 
ode. When these appear sufficiently frequently, they impart 
their soft musical character to verse. 

The mathematician Sylvester in his Laws of Verse, to 
which we have already referred, has a footnote of interest in this 
regard. “I cannot resist the temptation of quoting here from 
a daily morning paper the following unconsciously chro- 
matic passage...: ‘The last portion of the shadow of the 
earth has been passed through by the moon which then 
again sailed in its full orb of glory through the dark blue 
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depth.’”’ Besides possessing pleasant alliterative and asso- 
nantal elements, this sentence contains nine musical vowels 
as follows: last, passed, through, moon, full, glory, through, 
dark, blue. 

The zsthetic element introduced by these musical vowels 
in poetry may be compared with that due to the primary 
chords in melody. 

There are doubtless certain special instances where the 
play of vowels and consonants produces a kind of musical 
tune in a poem, analogous to melody. Lanier (Joc. cit.) says 
in this connection: “Tune is... quite as essential a con- 
stituent of verse as of music, and the disposition to believe 
otherwise is due only to the complete unconsciousness with 
which we come to use these tunes in all our daily inter- 
course by words.” 

However, it would be very difficult to disengage this 
element in precise form, and it is not certain how far its 
role is really independent of that of the musical sounds, 
alliteration and assonance, already taken account of. For 
these reasons we do not attempt to deal separately with 
this somewhat obscure element of ‘‘tune”’ in a poem. 


7. ‘‘ANASTOMOSIS” 


Another zsthetic factor which is agreeable is that which 
results from the fact that a poem is easily spoken. In 
general this is brought about when the consonantal sounds 
are simple rather than complex and not much more nu- 
merous than the more easily pronounced vowel sounds. 
Sylvester used the term ‘‘anastomosis”’ to express this 
desirable quality (loc. cit.): “Anastomosis regards the 
junction of words, the laying of them duly alongside of one 
another (like drainage pipes set end to end, or the capillary 
terminations of the veins and arteries) so as to provide for 
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the easy transmission and flow of the breath . . . from one 
into the other.” 

From our point of view this factor is not a unitary one, 
but needs to be split up into two others. On the one hand 
the complex consonantal sounds increase the “complexity” 
of the poem, which, in accordance with our theory, is 
correlated with the effort required in speaking it. Such 
complexity is heightened when a word ends with a consonan- 
tal sound and the following word begins with a sufficiently 
different consonantal sound. Hence such sequences are to 
be avoided as far as possible. 

On the other hand, quite regardless of this factor of com- 
plexity, an excess of consonantal sounds is felt to be decidedly 
harsh and disagreeable. For example in the catch: 

Midst thickest mists and stiffest frosts 
With strongest fists and stoutest boasts 


He thrusts his fists against the posts 
And still insists he sees the ghosts. 


there are approximately twenty-four consonantal sounds as 
against only eight vowel sounds in the first line, and a 
similar relationship holds in the other three lines. Here 
we have serious consonantal excess, a negative zsthetic 
factor. 

Thus, from our point of view, “anastomosis” is secured 
by avoidance of consonantal excess and by the diminution of 


“complexity”’ as far as possible. 
8. Por’s ConcEPT OF VERSE 


We have now alluded to the principal elements of order 
involved in the musical quality of verse. 

While there exists, so far as I have discovered, no earlier 
formulation of any “esthetic measure” for this factor, 
nevertheless both Poe and Sylvester come within striking 
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distance of an analysis of musical quality and metre in 
verse. The following quotations from Poe (loc. cit.) indi- 
cate sufficiently his point of view: 


Verse originates in the human enjoyment of equality, fitness. To this 
enjoyment, also, all the moods of verse—rhythm, metre, stanza, rhyme, 
alliteration, the refrain, and other analogous effects—are to be referred. 

The perception of pleasure in the equality of sownds is the principle of 
Music. 

Anyone fond of mental experiment may satisfy himself, by trial, that, 
in listening to the lines he does actually (although with a seeming uncon- 
sciousness, on account of the rapid evolution of sensation), recognize and 
instantly appreciate (more or less intensely as his ear is cultivated) each 
and all of the equalizations detailed. The pleasure received, or receivable, 
has very much such progressive increase, and in very nearly such mathe- 
matical relations, as those which I have suggested in the case of the 
crystal. 

Evidently in Poe’s statements there is an assertion of 
the quantitative, additive character of the esthetic pleasure 
produced, which corresponds closely with our concept of 
the order, O. 

The notion of the complexity, C, does not enter explicitly 
in his analysis, but doubtless in the background of his ideas 
lies the implicit requirement of a large density of such order 
relations, or relations of “equality” as Poe termed them. 

By equality, Poe had in mind not only identity in sound 
but also metric equality, so that, in effect, he proposed to 
deal with both mathematical factors of metre and musical 
quality. He refers nowhere to the non-mathematical factor 
of significance, although it is of course implicit in the back- 
ground of his ideas. It is interesting that, precisely in 
respect of significance, Poe fails to be of the first rank 


among poets. 


9, SYLVESTER’S CONCEPT OF VERSE 


There is no doubt that Sylvester’s concept of verse was 
much influenced by that of Poe. However, Sylvester went 
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further than Poe in approaching the point of view demanded 
by our mathematical theory, as the following wordy quota- 
tions show (loc. cit.): 


In poetry we have sound, thought and words... ; accordingly the 
subject falls naturally into three great divisions, the cogitative, the 
expressional, and the technical to which we may give the respective 
names of Pneumatic, Linguistic and Rhythmic. It is only with Rhythm 
that I profess to deal. This again branches off into three principal branches 
—Metric, Chromatic and Synectic. 

I touch very briefly on this branch of Metric accepting, in regard to it, 
the doctrine of Edgar Poe... 

Metric is concerned with the discontinuous, Synectic with the con- 
tinuous, aspect of the Art. Between the two lies Chromatic, which com- 
prises the study of the qualities, affinities and colorific properties of 
sound. Into this part of the subject, except so far as occasionally glancing 
at its existence and referring to its effects, I do not profess to enter. My 
chief business is with Synectic. 

This, also, on a slight examination, will be found to run into three 
channels Anastomosis, Symptosis, and between them the main flood of 
Phonetic Syzygy. 


Evidently Sylvester’s “Pneumatic” and “Linguistic” 
fall under what we have termed the significance (with ap- 
propriate brief expression), while his “‘ Rhythmic”? embraces 
both musical quality and metre. Furthermore he is con- 
cerned with musical quality rather than metre. 

His last statement is the important one. As we have 
observed, his principle of anastomosis corresponds roughly 
to the requirement of as little complexity C, as possible. On 
the other hand his principle of symptosis “deals with 
rhymes, assonances (including alliterations so-called and 
clashes (this last comprising as well agreeable reiterations, or 
congruences, as unpleasant ones, i. e., jangles or jars).” It 
involves then the same elements of order as classified above. 
Consequently symptosis is more or less the counterpart of 
our order O. 


Thus his ‘‘ Phonetic Syzygy’’—the effective combination 


” 


wetveae 


aa 


a 
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a 
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of “Anastomosis” and “‘Symptosis””—corresponds in a quali- 
tative sense to our zsthetic measure of musical quality. 

It does not appear that Sylvester believed the zxsthetic 
effect produced to be quantitatively measurable as Poe had 
believed it to be. 


~ 10. On Puonetic ANALYsIs 


As a first step towards the formulation of an zsthetic 
measure of musical quality in poetry, it is necessary to 
introduce certain agreements, as simple as possible, con- 
cerning phonetic analysis. 

We shall recognize only the following vowel sounds as 
distinct: 

aid, add, all, art; eve, ell; isle, ill; ode, or; use, lune, full, 
lull, urn; ozl; out. 

All vowel sounds, distinct from these, are to be assigned 
to the nearest one of these sounds. 

The sounds of a as in art, u as in tuneful, beauty, o as in 
ode, will be called musical because of their agreeable quality, 
similar to that of a pure musical note. 

The elementary consonantal sounds are taken to be the 
following: 

b, d, f, g, h, 7, by 1, m, n, n(g), p, 7, 5, t(h), wh), y, 2. 

The ordinary g sound is not regarded as present in ng 
although x is present. Likewise the aspirate h is not re- 
garded as present in ¢h and wh although ¢ and w are present. 

All other composite consonant sounds are regarded as 
made in the manner indicated by the usual spelling. 

The phonetic justification of these simple conventions is 
obvious. Vowel and consonantal sounds not used in the 
English language need not be considered of course, since 
we are dealing with English poetry only. 


estates | 
Te oe. 
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11. THe CompLexity C 


The complexity C of any part of a poem—as, for instance, 
of a single line—is simply the total number of elementary 
sounds therein, increased by the number of word-junctures 
involving two adjacent consonantal sounds of the same line 
which do not admit of liaison. 

The following pairs of distinct consonantal sounds will 
be taken to admit of liaison: b, p; d, t; f, 0; g, k; m, nj 5, 2. 
Likewise if the second sound is an aspirate /, liaison will 
be admitted. 

The justification for the rule is self-evident, for we may 
with very fair approximation to the facts consider each 
vowel sound and elementary consonantal sound as being 
equally difficult to pronounce. Furthermore adjacent con- 
sonantal sounds between different words are nearly as dif- 
ficult to pronounce as if there were a vowel sound between 
them. The rule takes account of all these facts in a simple 
way. 


12. Tue ELEMENT 27 or RHYME 


The number of sound groups in the line or part of the 
poem under consideration which rhyme with at least (and in 
general only) one sound group earlier in the same line or in 
an earlier line will be designated by r. The corresponding 
element of rhyme is then taken to be 27. It is seen then 
that the index 2 is assigned to the tone of feeling due to a 
single rhyme. Later we shall assign an index of 1 to the 
single alliteration or assonance. The higher rating of the 
rhyme is justified by the greater intensity of the tone of 
feeling which each rhyme induces. 

The reason for counting each rhyming group only once, 
even though it rhymes with more than one earlier group, is 


_— 
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that each rhyming group is in general set against one particu- 
lar contrasting earlier group. 

By general consent certain slight liberties are allowed in 
thyming. For instance the u sounds as in use and lune, are 
allowed to replace one another. We will not undertake to 
enumerate these wellknown exceptions. 

The evaluation of the element 7 is immediate in all cases. 
For example in the case of Poe’s stanza there are the two 
following rhyming groups: 

lowlily, holily; beautiful, dutiful. 

Thus 7 is 2 and the element 27 of rhyme is 4 in this case. 


13. THe ELEMENT aa oF ALLITERATION AND ASSONANCE 


In dealing with the element of alliteration and assonance, 
it is necessary first to specify limits within which the repeti- 
tion of a consonant or vowel sound is pleasantly felt, and 
then to decide in how far repetitions may accumulate before 
there is alliterative or assonantal excess. 

The short nondescript vowel sound as in the, attention, 
which may be considered to be a short form of w as in lull, 
will not be regarded as assonantal under any circumstances. 

In order to give an empirical definition of the element aa 
of alliteration and assonance, we shall introduce certain 
technical terms. 

A leading sound of a line will be defined as one which 
either is part of an accented syllable, or occurs as the ini- 
tial sound of a line, or is part of a rhyming group other 
than the initial consonantal sound. 

Such leading sounds are precisely those which most 
impress the ear. 

A sound, a, in a certain position will be said to be directly 
connected with the same sound or sounds in other positions 
as follows: (a) the same sound is found again in the same 


Se 
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word as a or in an adjoining word; (b) the same sound 
occurs as a leading sound earlier in the line than a, or in 
the last half of the preceding line provided a occurs in the 
first half of its line; (c) a follows a pair of the same sounds 
earlier in the line, which are in the same word or in adjoin- 
ing words; (d) the same sound occurs as a rhymed leading 
sound or as a leading sound in the same relative position as 
a, either in the preceding line or in an earlier line rhymed 
with the line containing a; (e) the same sound occurs in an 
identical syllable, earlier in the line than a or in the last half 
of the preceding line provided a occurs in the first half of 
its line. 

If there are an odd number of feet in a line, the middle 
foot will be considered to be part of both the first and 
second halves of the line in applying these definitions; more- 
over if a line contains only two feet we shall include both 
feet in either half of the line, by special convention. 

When the same sound is repeated under these conditions 
the repetition produces an effect of alliteration or assonance 
which is felt agreeably. 

With these definitions in mind we shall define the element 
aa of alliteration and assonance in the line or group of lines 
under consideration as the number of sounds directly con- 
nected with others in the same or preceding lines, and not 
directly connected with more than two leading sounds or 
more than four sounds in all. 

The reason for the restriction imposed lies in the obvious 
fact that beyond a certain point alliterative or assonantal 
play upon a particular sound is felt to be monotonous and 
even disagreeable. This is in accordance with the usual 
effect of undue repetition. The precise limits assigned are 
of course a matter of somewhat arbitrary choice. 

In illustration of this rule let us consider Tennyson’s line 
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already quoted in section 2. The leading sounds are evi- 
dently the sounds italicized below where the figures 1, 2, 3, 
4, 5 are set respectively above the sounds #, J, ¢, n, 7; these 
are the only ones to enter in aa: 

1 2'3 2Ea eo See AES A: 41 O73 

The league-long roller thundering on the reef 
‘Here the second and third sounds t count since they are 
directly connected with the earlier positions; all three 
sounds 7 are directly connected with one another and are 
counted; the second sound e¢ (long) counts since it is directly 
connected with the first; the last three sounds n count, being 
directly connected with one another, but the first does not 
count; the three sounds 7 count since the first two are 
directly connected, and the third is directly connected 
with the first two. Thus aa is 11 for this line. 

A practical method of evaluation of the element aa is to 
start with the first sound to occur, and put a dot over all 
its positions which are counted in aa, then to do the same 
with the second sound, and thus continue to the end. The 
total number of dots gives the element aa required, at 
least unless the limit of desirable alliteration and assonance 
is reached. 

An example of a case in which the limit of desirable alli- 
teration and assonance is exceeded is furnished by Poe’s 
stanza. In such rare complicated cases it is convenient to put 
small circles around the sounds such as / and 7 which are not 
to be counted in aa, but otherwise to proceed as before. 
Thus we obtain 

ae Meal (kd et dete eae nea 
Virginal Lilian rigidly, humblily dutiful; 
rf aie weak Toe 
Saintlily, lowlily, 
Thrillingly, holily, 
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It is to be noted that, in accordance with our rule, the — 
rhyming sounds in “‘holily” and “beautiful,” other than the ~ 


initial h and b, are to be counted in aa. Furthermore the 


final y occurring five times is interpreted as a long ¢ and not 


as a short isound. We find then that aa is 31 in this case. 


14. Tue ELEMENT 2ae¢ oF ALLITERATIVE AND ASSONANTAL 
Excess 


According to the definition of the element aa of allitera- 
tion and assonance, repetition of a sound beyond a certain 
point does not have further favorable effect. We have still, 
however, to make allowance for the fact that the alliteration 
and assonance may become positively unpleasant under 
certain circumstances. 

These circumstances are of the following three types: 
(a) the sound in question is a leading sound directly con- 
nected with too many earlier leading sounds; (b) the sound 
forms part of successive identical syllables not in the same 
word; (c) the sound in question is one of a uniform series of 
regularly recurring repetitions. 

The effect produced by the immediate repetition of syl- 
lables as in (b) is cacophonous. It was to avoid this fault 
that Collins changed the second line of his “Ode to Evening”’ 
beginning: 

If aught of oaten stop, or pastoral song 
May hope, O pensive Eve, to sooth thine ear 


to 
May hope, chaste Eve, to soothe thy modest ear.! 


The element of cacophony may be compared to that of 
false cadence in harmony: more precisely, the repetition of 
a syllable ordinarily occurs in the agreeable repetition of a 
word or of a group of words, or else in a rhyme; conse- 


1 See J. L. Lowe’s “Convention and Revolt in Poetry.” Boston, 1919. 
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quently when such repetition is not of one of these types, 
there is an unpleasant feeling of frustration. 

Likewise the effect produced by the same sound repeated 
several times at uniform intervals is artificial and unpleas- 
ant, whether these sounds occur in successive words, feet, 
lines, or stanzas. 

Our definition of ae will then be the number of leading 
sounds directly connected with more than two earlier lead- 
ing sounds, and of sounds belonging to a syllable immediately 
following the same syllable, but not in the same word, or to 
a uniform series of the same sounds containing at least three 
earlier sounds. 

The negative element of alliterative and assonantal 
excess will then be defined to be 2ae. In other words, an 
index —2 will be assigned to the corresponding sounds. 

It need hardly be said that there will rarely be found 
excessive alliteration or assonance of this sort in satisfactory 
poetry, and that when it is present, the ear will note the 
effect at once. Thus ae is 1 in the case of Poe’s stanza 
because the repeated sound /y occurs at the end of four 
successive words. 

On the other hand, in the catch of section 7 the first line 
contains the sound s six times as a leading sound and the 
sound ¢ five times as a leading sound, all of these directly 
connected. Hence, according to definition, three of the 
sounds s and two of the sounds ¢ count in ae, so that the 
element 2ae is 10 in this line alone. 


15. Tue ELEMENT 2m or Musicat VowELs 


We shall define the element of musical vowels as 2m 
where m is the number of musical vowels (a as in art, u as in 
tuneful, beauty, and o as in ode) increased by the number 
of vowels o as in or and a as in awe which are directly con- 
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nected with an earlier long musical vowel o and a respec- 
tively. The limitation will be imposed, however, that such 


musical vowels directly connected with more than two other — 


earlier vowels shall not be counted in m. 

The limitation is introduced because repetition of musi- 
cal vowels is of no interest beyond a certain point. 

The reason for counting the short o after the long o is 
merely that when one tries to pronounce the o in such a 
word as “or’’ so that it is long, it tends to take the short 
form. Thus the long and short forms are closely connected, 
and if the long musical form of o precedes the short form 
and is not too far from it, the short o takes on the same 
musical quality also. 

Furthermore, the closeness of the two sounds of a justi- 
fies the similar rule for the sound a. 

Such euphonious lines as 


Little boy blue, come blow your horn, 
and 
Come into the garden, Maud, 


with 2m = 8 and 2m = 6 respectively show the effective- 
ness of the musical vowels when used in such a manner. 


16. THe ELEMENT 2ce or CONSONANTAL EXCESS 


In case there are in all more than two elementary con- 
sonantal sounds for each vowel sound in any line, an appre- 
ciably harsh effect is produced. For this reason we shall 
define the consonantal excess as 2ce where ce is the excess 
of the consonant sounds over twice the number of vowel 
sounds in each line. In illustration we consider the first 
line of the catch of section 7. Here there are eight vowel 
sounds and twenty-four consonantal sounds. Hence the ex- 
cess 2ce in this line alone is 16. 


‘3 
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| The element 2ae enters of course as a negative element. 
/ 17. Tar Esruetic Formuta 

The complete zsthetic formula for the musical quality in 


poetry is taken as follows 


miibe, aa+2r+2m—2ae—2ce 
BEC ee c 


Here all the elements which enter have been explicitly de- 
fined in the preceding sections. __ 

In order to evaluate M systematically, the following 
method is convenient: 

(1) Determine C by direct phonetic analysis of each line. 
The successive numerals 1, 2, 3, ... may be placed under 
the successive sounds of the line and under the junctures 
not capable of lzatson. 

(2) Consider the successive sounds in their order of appear- 
ance and put a dot over all those which are alliterative or 
assonantal, and then place a circle around those dots (if 
any) for which the sound does not count in aa. 

(3) Place two dots over the accented vowel sounds rhym- 
ing with the same sound in the same line or in an earlier line. 

(4) Place two dots over each musical sound and a circle 
around those dots (if any) for which the sound does not 
count in 2m. 

(5) The total number of dots not enclosed by circles then 
gives aa+2r+2m. 

(6) Determine the sum 2ae+2ce which is in general 0 
in any satisfactory poem. 

(7) Subtract this sum from that specified in (5), obtain- 
ing O. 

(8) The zsthetic measure M is then O/C. 

In the tabulation of these items it is convenient to put 


M 
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C for each line (step 1) to the right of and below the line, 
and O [steps (2)-(6)] to the right of and somewhat above 
each line. The ratio M giving the zsthetic measure of the 
line is thus displayed to the right. For a group of lines, 
the constituent numbers C for each line should be added to 
give the total C, and the constituent numbers O should 
likewise be added to give the total O. The zsthetic measure 
of the lines considered is the ratio of the total O to the 
total C. 


18. ANALYSIS OF A VERSE OF KuBLA KHAN 


Let us consider a particular application of this rule to 
the first stanza of Coleridge’s “Kubla Khan” which is a 
very remarkable example of musical quality. The analysis 
is indicated by the following tabulation: 


80 


Meet 9 
101 

In Xanadu did habla hha es — 
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. Deo 11 
less sea. — 
01112 1314 14 

These computations indicate that the number of elements 
of order (O = 80) is not much less than the number of 
sounds (C = 101), their ratio giving an zsthetic measure 


Down to a sun 
fi 2 a 45 6 ToS a0. 11! 


_ of .79 for the stanza. From this point of view the first and 


fourth lines are the most musical. 

Lamb made a very trenchant estimate of this remarkable 
poem in referring to it as “‘a vision Kubla Khan which 
said vision he [Coleridge] repeats so enchantingly that it 
irradiates and brings heavenly bowers into my parlor while 
he sings or says it; but there is one reservation, ‘Never tell 
thy dreams’ and I am almost afraid Kubla Khan is an owl 
that won’t bear daylight. I fear lest it should be discovered 
by the lantern of topography and clear reductibility to 
letters no better than nonsense or no sense.” 

In other words, the significance of Coleridge’s poem is 
elusive and slight, although the element of musical sound 
is almost magical. The same criticism would apply to much 
of Poe’s poetical work, of course. 


19. AN ExPERIMENTAL PoEM 


In his essay on “The Philosophy of Composition” of 
1846, Poe analyzed step by step his construction of his 
poem “The Raven” and claimed that his theory had been 
used as a conscious and effective tool in its composition. 

What is remarkable here is not that Poe had a theory. 
Almost every creative artist has a theory or point of view 
which, for him, sums up the inner secret of his success. 
Rather it is the fact that Poe expressed his theory in me- 


chanical terms. 
As of possible interest I shall give an account of a some- 
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what similar experiment made by myself on the basis of 
the theory described above. This experiment was under- 
taken in order to clarify my own ideas about the nature 
of poetic composition and to subject them to a test. The 
reader will have to judge for himself as to the success of the 
experiment. 

According to the theory it was first of all necessary to 
start from an idea having some poetic quality. Here I 
chose an idea concerning the general nature of knowledge 
which I had expressed in prose as follows: 

““We may compare if we will, our bits of knowledge to 
luminous threads which we wind into a compact, luminescent 
ball. By skilful arrangement of the threads there begins to 
appear in the center of this ball a bright vision of concepts 
and laws. If now we add further irrelevant threads, the 
vision is obscured; and if we unwind the threads in an 
effort to approach the vision more intimately it becomes 
more and more faint, and finally disappears.””! 

My first attempts to incorporate this idea in poetical 
form were very unsuccessful. The chief reason for the lack 
of initial success seems to me now to lie in the fact that the 
expression of the idea was not sufficiently terse. The re- 
quirement of terseness is of course fundamental. 

Then one day came without apparent effort the following: 


Vision 
Wind and wind the wisps of fire, 
Bits of knowledge, heart’s desire. 


Soon within the central ball 
Fiery vision will enthrall. 


Wind too long or strip the sphere, 
See the vision disappear! 


1 Science and Spiritual Perspective, Century Magazine, 1929. 
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The zsthetic measure of this short poem according to the 


_ criterion above is .59. Comparison with the ratings of an 


arbitrarily selected list of poetic lines (section 19) indicates 
that these lines may be considered as of fair musical quality 
according to our theory. In this case the poetical form of 
expression, although more terse, falls short of the prose 


- form in exactitude, but has perhaps the advantage of 


inducing more emotional interest. 

In the writing of these six lines there was certainly no 
conscious use of the formula. Nevertheless I believe I 
could not have done nearly so well, without conscious re- 
flection concerning the esthetic factors in musical quality, 
taken account of by the formula. 


20. FurTHER EXAMPLES 


For the purpose of testing the theory a number of char- 
acteristic opening lines of varying musical quality were 
selected and then arranged by others in the order of their 
zesthetic preference, as far as musical quality was concerned. 
The arrangement thus obtained was found to be substantially 
in accord with that indicated by the theory as tabulated 
below. 

M=.78 
In Xanadu did Kubla Khan 


A stately pleasure dome decree 
Where Alf, the sacred river, ran 
Through caverns measureless to man 


Down to a sunless sea. 
From Coleridge’s Kubla Khan 


M=.70 


Little boy blue, come blow your horn 
The sheep’s in the meadow, the cow’s 


in the corn. 
From a nursery rhyme 


Take, oh, take those lips away aches: _ bcs be 
That so sweetly were foresworn "ES 


And those eyes, the break of iti ui avis Bee 


Lights that do mislead the morn. 
From Shakespeare’s song 


Take, Oh Take Those Lips Away 4 


M= .66 


Come into the garden, Maud, 

For the black bat, night, has flown, 

Come into the garden, Maud, 

I am here by the gate alone; 

And the woodbine skies are wafted abroad, 
And the musk of the roses blown. 


From Tennyson’s Maud © 


M= .64 


Tell me not in mournful numbers 
Life is but an empty dream!— 
For the soul is dead that slumbers 
And things are not what they seem. 
From Longfellow’s 4 Psalm of Life 


M= .63 


Hear the sledges with the bells, 
Silver bells! 
What a world of merriment their melody foretells! 
From Poe’s The Bells 


M=.55 


Bright Star, would I were steadfast as thou art— 
From Keat’s Last Sonnet 


M= .49 


Onward, Christian soldiers, 
Marching as to war, 
With the cross of Jesus 
Going on before! 
From Baring-Gould’s Onward, Christian Soldiers 


ee! 
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M=.41 


The white mares of the moon rush along the sky 

Beating their hoofs upon the glass heavens; 

The white mares of the moon are all standing on their hind legs 

Pawing at the green porcelain doors of the remote heavens. 
From Amy Lowell’s Night Clouds 


M= .36 


He never had much to give, 
Subscription lists knew not his name, 
He was one of the many who live, 
Unrecorded in charity’s fame. 
From E. A. Guest’s Contribution 


It may be remarked that instances of consonantal excess 
appear in several of these cases, namely in the fourth line of 
Longfellow’s Psalm of Life (ae = 1), in the first line of 
Keat’s Last Sonnet (ae = 2), in the first line of Baring- 
Gould’s Onward, Christian Soldiers (ae = 5), in the long 
third line of Amy Lowell’s Night Clouds (ae = 3) and in 
the second line of Guest’s Contribution (ae = 7). 

It is well to bear in mind the precise significance claimed 
for these and similar results: 

(1) The esthetic measure M defined above is applicable 
primarily to the great body of English poetry of conven- 
tional type; the definition made can doubtless be consid- 
erably improved on the basis of further experiment. 

(2) Only the musical quality of this kind of poetry is so 
measured. Every good poet will find it desirable to sacrifice 
this musical quality occasionally in order to produce some 
subtle musical effect or to increase expressiveness. 

(3) In so far as this measure M is applied to more recent 
writers (such as Amy Lowell, for instance), it serves only as 
an indication of the presence or absence of the musical 
quality of this conventional type. 
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21. Sonorous PRosE 


It is obviously possible to measure the musical quality 
of sonorous prose by the same methods. For this purpose it 
is only necessary to write the prose as nearly as possible in 
the form of verse and then to apply the same rules. For 
instance the following sentence from Sir Thomas Browne’s 
Hydriotaphia is so written: 


Circles and right lines limit and close all bodies 
And the mortal right-lined circle 
Must conclude and close up all. 


As written, the sentence has an esthetic measure VM of 
.57 and so must be regarded as on a level with most poetry 
in degree of musical quality. 


22. PortTRY IN OTHER LANGUAGES 


As far as I have been able to make out, the aim of poetry 
is essentially the same whatever the language or period. 
It is true that rhyme may assume different forms or may be 
absent as in blank verse. But the fundamental aim is 
always to achieve the terse imaginative expression of a 
poetic idea in metric form by use of language of unusual 
musical quality. 


23. THe ROLE or Musica Quatity 


In order to avoid misunderstanding I would like to 
emphasize once more that musical quality is only one of 
the essential elements in poetry: and that even this quality 
cannot be measured in its more delicate nuances by any 
mechanical method, such as that given above. 

Nevertheless, it seems to me that some such objective 
method of evaluation can play a useful if modest réle, even 


ae y= 
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to the poet himself, somewhat as the rules of perspective 
drawing are useful to the painter. 

Paul Valéry, the French poet, has expressed the extraor- 
dinary difficulty of poetic achievement: “One feels clearly 
in the presence of a beautiful poem of some length how 
slight is the chance that a man could have improvised 


- without revision, without other fatigue than that of writing 


or of uttering what comes to his mind, an expression of 
thought, singularly certain, showing power in every line, 
harmonious throughout, and filled with ideas that are always 
felicitous, an expression that never fails to charm, in which 
there are no accidents, no marks of weakness or of lack of 
power, in which no vexatious incidents break the enchant- 
ment and destroy the poetic universe... 7”! 

Nevertheless in achieving this complex, difficult end, the 
poet must take cognizance of the essential formal factors of 
metre and musical quality which differentiate poetry from 
prose. 

Of this necessity upon the poet, and of others, Valéry 
speaks as follows (loc. cit.): “Behold the poet at grips with 
this emotional and too mixed material [of language]; 
constrained to speculate concerning sound and sense in turn 
to achieve not only harmony, and musical phrasing, but also 
to satisfy a variety of intellectual conditions, logic, of 
grammar, the subject of the poem, figures and ornaments 
of all kinds, not to mention conventional rules. See what 
an effort is involved in the task of bringing to a successful 
end an expression of thought in which so many demands 
must all be miraculously satisfied!” 


1 La Poésie, Conferencia (1928). 


III 


THE DIATONIC CHORDS 


1. Tue Propiem or Format Music 


ODERN Western music must be regarded as an un- 
M paralleled artistic achievement. In every age and 
civilization music in simple forms has played an important 
part. But only in Europe since the Renaissance has it 
broken the bounds of homophonic song and thereby acquired 
an almost transcendental expressive power. 

From the formal mathematical point of view, Western 
music stands preéminent by virtue of its purity and its 
extraordinary degree of development. In poetry we have 
seen that there are formal elements which can be isolated 
and analyzed. But in poetry the meaning is of such domi- 
nant importance and so completely eludes formal analysis, 
that the field of poetry is not pure in the same sense. Simi- 
larly it is obvious that other zsthetic fields are inferior to 
music, either in purity, or else in degree of development as 
in the case of polygonal form. For, in the case of music, we 
have a succession of musical sounds, characterized by pitch 
and time, replete with relationships and devoid of obvious 
connotation. Furthermore this music has a deep and almost 
universal appeal. 

All of these considerations indicate that Western music 
should afford an ideal and perhaps crucial field for the 
application of our general theory. In fact the complexity, 
C, of such a musical structure should be readily measurable; 
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the elements of order, O, which are appreciated by the ear, 
should be determinable; and then we should expect to find 
that, with suitable assignment of indices to these elements, 
the zsthetic measure, M, would be given as the density of 
the elements of order in the musical structure, that is as O/C. 

Music owes much of its zsthetic importance to its pe- 
culiar emotional effect. This attribute is readily understood. 
The human voice is a primary means of human expression, 
and at the same time is a musical instrument. All of us 
become accustomed to its musical tones, and simultaneously 
learn to appreciate that which the voice expresses. Thus 
musical tones have become intimately associated with emo- 
tional feeling. 

In this attribute lies not only the most subtle source of 
musical appeal, but also the final limitation of any purely 
formal theory. For, according to our general theory, music 
will be most effective when it unites surpassing beauty of 
form with effective suggestion of emotional utterance. 

This elusive power of suggestion plays a relatively unim- 
portant part in the simpler forms of pure music, such as we 
shall consider. At the same time it should not be forgotten 
that, in the last analysis, one musical work is likely to 
appeal to us more than another, not because of any supe- 
riority of abstract form, but rather because of some conno- 
tative suggestion of this kind. 

We shall attempt to analyze explicitly some of the simpler 
formal elements in music, and to obtain a suitable definition 
of esthetic measure. As far as I am aware, no systematic 
attempt at quantitative analysis has been made previously. 
In fact the usual treatments of questions of musical form 
either formulate empirical rules or fall into the opposite 
extreme of philosophic discourse. 

At every stage of musical development certain specific 
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limitations in the use of available musical forms have been _ 
observed. These forms have, however, undergone a process 
of gradual elaboration, and new forms have been estab- 
lished. The best composers of each period have been amaz- 
ingly successful in discovering the latent possibilities nearest 

at hand and exploiting them thoroughly. In this connection 

it is significant that composers seldom achieve high success 
exclusively along lines employed by their predecessors. 

Since our theory is based on the felt relationships of order 
among musical notes, and since our appreciation of such 
relationships is thus continually expanding and developing, 
it would be highly absurd to try to formulate a definitive 
theory of zsthetic measure, valid for the music of the future 
as of the past. 

For the same reason the problem of musical form, in order 
to be precise, must involve a definite allowance of musical 
means. A satisfactory theoretic solution of this problem 
should account for the large body of classical music in which 
these limitations are observed. If such a solution were 
successful, it would be anticipated that, by suitable exten- 
sion of the underlying principles, the same kind of explana- 
tion could be applied to more elaborate musical forms. 

Thus the main problem of musical form may be stated as 
follows: 

With a given allowance of musical means, to determine the 
extent to which the relations of order among the notes of a 
musical composition constitute the effective basis of musical 
enjoyment. 

The principal claim of the theory of esthetic measure, by 
the aid of which we attack this very difficult problem, is 
that the zsthetic effect is essentially a summational one, due 
to the presence of an unusually large number of elements of 
order. The elements which we shall take account of are 
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simple in all cases, and for the most part are obvious if not 
apparently trivial. 


2. Harmony as AN ASSTHETIC FacToR 


It has long been customary to reduce music to harmony, 


melody, and rhythm. For the present we shall accept this 


’ conventional division of the subject. 


Of the three factors harmony is the most elementary, for 
it is concerned with the esthetic effect of a complex musical 
sound (a chord), and of two or even several such sounds 
heard in succession. 

Despite the fact that harmonic intervals, such as the 
octave and perfect fifths between successive musical notes, 
are basic in the older homophonic music, it can scarcely be 
claimed that harmony plays a rdle in it, although melody 
and rhythm obviously do. However, with the advent of 
polyphonic music, harmony became important; and the 
modern Western ear has grown so accustomed to it that a 
simple mental harmonization is automatically effected 
when any tune is heard. 

In order to formulate precisely the problem of harmony, 
it is desirable that certain facts of fundamental importance 
be recalled. 


3. COoONSONANCE AND DISSONANCE 


Musical sounds are differentiated from all others, and in 
particular from noises, by the fact that the vibrations of the 
air which impinge upon the ear and produce the sensation 
of sound, are periodic. The number of vibrations per second 
determine the pitch of the musical sound; thus the note 
which we shall designate as middle C has a pitch with vibra- 
tion frequency of about 256 per second. 
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The fact that pitch is numerically measurable was known 
to the early Greek philosopher Pythagoras who observed 
that if the length of a musical string be divided in the ratio 
of 1 to 2 then the note of the shorter string is an octave 
higher. Thus the unmistakable relationship of a note and 
the note an octave higher, which makes the second note 
seem to the ear almost identical with the first, is associated 
with the simple ratio of 2 to 1 between the lengths of the 
strings which produce the two notes. Furthermore this 
relationship is agreeable to the ear, and is properly called 
consonance. From the modern point of view the fact in- 
volved is more conveniently expressed in the form that the 
pitch numbers or frequencies of a note and of its octave are 
in the ratio of 2 to 1; for, when the length of a musical string 
(under a specified tension) is halved, its frequency of vibra- 
tion is doubled, as is that of the attendant vibration of 
the air. 

Similarly it appeared that if the length of a musical string 
be divided in the ratio of 2 to 3, the higher note is agreeably 
related to the lower, being a perfect fifth higher in the usual 
terminology. For example, the perfect fifth above C on the 
pianoforte keyboard is G, being fifth from C if we start to 
count the white keys from C as first. Likewise if the lengths 
are in the ratio 3 to 4, the higher note is a perfect fourth 
above the lower, and is agreeably related to it. The perfect 
fourth above C is F on the pianoforte keyboard. The fre- 
quency ratios of the perfect fifth and perfect fourth to the 
lower note are of course 3/2 and 4/3 respectively. 

Thus Pythagoras discovered that consonant musical 
notes are in general produced when the lengths of the cor- 
responding musical strings are in the ratio of small integers; 
this fact signifies to us that the frequencies are in the recipro- 
cal ratios. His observation was essentially that a certain 


] 
a 
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element of order (a simple vibration ratio) is correlated with 
‘a certain esthetic value (the consonance of two notes), 


and so may be regarded as a primitive illustration of our 
general thesis. 

Two notes which are consonant may be sounded simul- 
taneously or in succession with pleasurable effect. 

On the other hand if two musical sounds are heard whose 
frequencies are not thus related, the effect is that of un- 
pleasant dissonance. If, for instance, we strike the notes 
C and D on the keyboard, with frequency ratio 9 to 8 
(nearly), the effect is dissonant; it is even more dissonant 
when we strike B and C for which the frequency ratio is 
16 to 15 (nearly). 


4. Musicat Notes, INTERVALS, TRIADS AND CHORDS 


A tuning fork or other resonator produces a pure musical 
note in the sense that the attendant vibratory motion of the 
air is not only periodic but is “‘sinusoidal.”’ On the other 
hand a musical instrument such as the violin or human 
voice produces a musical note for which the vibration is 
periodic but not necessarily sinusoidal. Nevertheless it 
may be experimentally demonstrated that this note can be 
reproduced both in pitch and timbre, by exciting simul- 
taneously a number of resonators of the same frequencies 
as the given note, or exact multiples thereof. Care must be 
taken to excite each resonator to the right intensity. 

These facts show that any musical note is to be regarded 
as made up of a certain pure fundamental note of the same 
frequency, and of the first, second, etc., overtones of double, 
triple, etc., the frequency of the fundamental note. In 
fact the trained ear can distinguish the various components 
of a musical note (fundamental note and overtones). For 
such musical notes, the fundamental note strongly dom- 


; ; 
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inates, and the successive overtones are usually of dimin- 
ishing intensities. The timbre of the notes produced by a_ 
musical instrument depends only on the relative intensities 
of the dominating fundamental note and of the various” 
overtones;these are usually approximately the same through- 
out the entire range of a well-constructed instrument. 

Suppose now that two pure musical notes are sounded © 
together, the frequency of neither being an exact multiple 
of that of the other, although the ratio of their frequencies 
is expressible in whole numbers. For the sake of definite- 
ness suppose that their frequencies are represented by 2 
and 3. If then we consider a pure note of frequency expressed 
by 6, the first of the two notes is the second overtone of this 
note, and the second note is its first overtone. Therefore the 
two notes sounded together can be regarded theoretically as 
the combination of a fictitious fundamental note and its 
first two overtones, in which, however, only the overtones 
actually appear. This will obviously produce a musical 
sound of entirely different character from a natural musical 
note in which the fundamental note predominates. 

In harmony we deal with musical sounds made up of such 
combinations of natural musical notes whose vibration fre- 
quencies are in the ratios of whole numbers. These are 
called “‘intervals”’ if two notes enter, and “‘triads”’ if three 
notes enter. Whenever two or more notes enter, the sound 
will be called a “chord.” 

The consonance or dissonance of such combinations of 
musical notes can be readily explained in two ways. We may 
either agree with Helmholtz that, when the frequencies are 
in the ratios of integers, the resulting musical sound is 
pleasantly consonant because the excitation of the ear is 
regular in character; in the case of large whole numbers the 
unpleasant dissonance would then be attributed to the 


Va 
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irregularity of the excitation. Or, we may bear in mind that 


-any note and its overtones are compresent in all musical 


sounds, inclusive of those of the voice, and for that reason 
are associated. Hence we may expect that the two notes 
with a common overtone of low order will also be felt to be 
associated. Consequently we may look upon the feeling of 


“consonance or dissonance as arising according as there is or 


is not association of this kind. 

According to this second type of explanation, when we 
hear an interval made up of C and G for instance, this will 
appear to be consonant because the second overtone of C, 
with frequency expressed by 3 if that of C is 1, is the same 
as the first overtone or octave of G, with frequency expressed 
by 3. On the other hand if we hear C and D together, the 
overtone of C is (theoretically) the eighth overtone of D; 
hence if there is any such association, it is very remote, and 
this fact would explain the obvious dissonance of the inter- 
val of a full tone. 

Very likely a combination of the two types of explanation 
is nearer the truth than either separately. 


5. Tue Natura DIAToNIc SCALE 


All musical systems employ some set of simple musical 
notes of definite pitches. Without such limitation, the ear 
would be lost in a labyrinth of musical sound. Such a set of 
notes may be said to form a musical “‘scale.” All known 
scales are much like our own; in particular that of the 
Greeks was almost the same. The reason for this similarity 
is not far to seek: any scale may be looked upon as the out- 
come of an effort to arrive at a set of notes with the closest 
possible relations of consonance. 

On this basis the natural diatonic scale is readily explained, 
and is highly successful and indeed almost inevitable. All 
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other scales are either contained in it, like the pentatonic — 
scale, or differ from it slightly, or are further elaborations, — 


like the so-called quarter tone scale. 

In fact let us start with an arbitrary note, say C. The 
notes most closely related to it are its octave c which is the 
first overtone, and the octave above the perfect fifth G 
above C, which is the second overtone g. But it is imme- 
diately verified that the ear regards any note and its octave 
as substantially equivalent so far as musical effect is con- 
cerned. Thus at the very outset we are led to include in our 
scale the notes 


C1y 21> oF G, Cc, g c. g, nae 
Dr SH 3 aye ag) 


where we have written the frequency ratios underneath the 
corresponding notes. Of course we have already noted that 
if the frequency of C is represented by 1, that of Gis repre- 
sented by 3/2. This meaning of the notation used is obvious, 
e.g., g1 1s an octave below G, g an octave above G, and soon. 

Suppose that we inquire next for the note which is related 
to c as Cis to G, that is for the note of which c is the perfect 
fifth. This will be the perfect fourth F above C, of fre- 


quency given by 4/3, since we have the proportion 
cs ae pica baie? 
Thus our scale at this stage takes the form 


rece Gee 
1, 4/3, 3/2, 2, 


where we restrict attention to the compass of a single octave, 


since the extension to higher and lower octaves is imme- 
diate. 


4 
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These three notes C, G, F are the so-called “primary 
notes” of the scale, and are termed “tonic,” “dominant,” and 
“subdominant” respectively. 

The remaining notes are then obtained as follows: The 

third overtone of C, not yet considered, is two octaves above 

-C with a frequency ratio 4, and so yields nothing new. The 
fourth overtone e’, with frequency represented by 5, when 
reduced two octaves becomes E with frequency represented 
by 5/4. This note, which is a so-called major third above C, 
is felt by the ear to be consonant with C. The two further 
notes A and B are related similarly to F and G respectively, 
i.e., form major thirds with these notes. 

Finally D is obtained as the perfect fifth of G reduced one 
octave. The same process applied to the two other primary 
notes yields nothing new, since the perfect fifths of C and F 
are G and c respectively. As thus completed we have the 
natural diatonic scale: 


elk er Ge AS Bee 
1, 9/8, 5/4, 4/3, 3/2, 5/3, 15/8, 2 


The new notes E, A, B, D are called the ‘‘ mediant,”’ “sub- 
mediant,”’ “‘leading note,” and “‘supertonic,”’ respectively. 

The advantage of this scale becomes obvious when it is 
observed that the scale contains the perfect fifth of any 
note in it except B, the perfect fourth of any note except F, 
the major third of C, F, and _G, as well as the octaves of 
all its notes. . 


99 66 


’ 


6. THe EguaLty TEMPERED DIATONIC SCALE 


Now the natural diatonic scale as thus constructed has a 
remarkable property which has led to the equally tempered 
form of the scale which is at the basis of Western music. 
The eight notes of the octave in the natural scale are so 
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distributed that, to all practical purposes, the successive 
notes occur either at the interval of a full tone or of a semi- 
tone, with C-D, F-G, G-A, A-B as full tones and E-F, B-c 
as semitones. More precisely, five further notes C#, D#, 
F4, G#, A# can be intercalated so that all the musical 
intervals between successive notes 


C, Cz, D, Dz, E,-F, Fs, G, G&A, Ag Bec 


are substantially equal; that is, the frequency ratios of 
successive notes are all nearly equal. As a matter of experi- 
ence, it is found that the musical relation of two notes 
depends only on this frequency ratio; for example all notes 
and their octaves, with frequency ratio of 2, are felt to have 
the same characteristic relation to one another. 

In the equally tempered form of the diatonic scale all 
of these 12 intervals are made exactly the same. When this 
is done the change from the natural diatonic scale is so slight 
that under ordinary circumstances the ear does not detect 
the modification. 

As far as the equally tempered diatonic scale is con- 
cerned, it presents a disadvantage and an advantage, when 
no use is made of the intercalated notes. The disadvantage 
is that the precise harmonic relationships no longer hold 
except between octaves, although the precise relationships 
are more satisfying than the approximate ones. The 
advantage is that all the pairs of notes are consonant 
excepting only those which fall at adjacent degrees of the 
scale (up to octaves) and the pair B-F. In fact these con- 
sonant pairs reduced to closest position within an octave 
have essentially the frequency ratios 


2/1, 3/2, 4/3, 5/4, 6/5 


involving the small integral numbers 1 to 6, whereas the 
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_ others have essentially the frequency ratios 9/8, 16/15, 
_ 45/32, involving the larger integers, and so are dissonant. 


_7. Tue Curomatic Scare. Tonariry. Mopuration 


: The decisive superiority of the equally tempered scale 
| first appears when use is made of all 12 notes of the octave. 
_-This augmented chromatic scale has the extraordinary 
property that any note of it may serve as generating tonic 
of an equally tempered diatonic scale. Each such note de- 
fines a major key. Thus far we have considered only the key 
of C major, in which the notes are those of the diatonic 
scale with C as tonic. 

For the comprehension of the structure of any possible 
key, it is convenient to regard any intercalated note such 
as D#, as derived either by heightening the pitch of D, in 
which case D is called D# (read D sharp) or lowering the 
pitch of E, in which case D is called Dp (read D flat). The 
white notes and the black notes on the pianoforte keyboard 
represent respectively the notes of the diatonic scale and 
the intercalated notes, as indicated in the adjoining series: 


C# D# F# G# A# 
(oe er SS eee gene Ae, ks Cy 
Dp Ep Gp Ab Bp 


If we start from G of the equally tempered scale as tonic, 
we obtain the scale of 8 notes 


CY Es 5 i Mae MOY a Ea 
and if we start from F as tonic we obtain the scale of 8 notes 
|e EFT, a LE 


Thus we have specified the keys of C major, G major and 
F major in the chromatic scale, of which C, G and F respec- 
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tively form the tonic centers. These illustrations show the 
convenience of such notations as F# and Bp. 

The notes of a single key are said to possess a definite 
“tonality” since they are derived diatonically from a single 
tonic. 

The requirement of tonality has long been fundamental 
in Western music, and we shall accept this limitation for 
the general reasons already stated (section 1). From time 
to time the key may change in accordance with well-defined 
rules, but this takes place in such a way that the feeling of 
definite tonality in each changing key 1s maintained. A 
change of tonality is called “modulation.” 

We shall restrict attention to music in a single definite 
tonality in order to avoid undue complication. 


8. Mayor anp Minor Mopes 


A selection of notes within a scale may be termed a mode. 
Within the chromatic scale we have the “major mode” de- 
fined by any diatonic key. There is also the “minor mode” in 
the corresponding key. This is obtained by flatting the 
third and sixth notes of the diatonic scale. Thus the dia- 
tonic scale of C in the minor mode is given by 


C).Dy2Eb, Bis Ge Ae 


Any composition in the major mode may be transposed to 
the minor mode in accordance with simple rules. There are 
well-known variants of the minor mode here described, to 
which we can only allude. 

While we shall confine attention exclusively to the major 
mode, it is necessary to bear in mind that there is a parallel 
minor mode. The interval C to E is called a “major third” 
and is the fundamental third in the major mode. The 
corresponding smaller interval in the minor mode is that 
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from C to E> and is called a “minor third” on that account. 
Evidently it is equal to the interval from E to G on the 
ordinary diatonic scale since both are intervals of three. 
steps in the chromatic scale. On the other hand the inter- 
vals from the tonic to the fourth, fifth and octave are the 
same in either mode. These are the so-called “perfect” 
- intervals. 


9. THe ProspLem oF Harmony. THE SINGLE CHoRD 


We have glanced at the well-known reasons, psychological 
and esthetic, which have led to the adoption in the West of 
the equally tempered diatonic scale. This scale, with its 
possibilities of harmonization and modulation, forms the 
basis on which Western music has been built. With these 
facts in mind we may proceed to consider further the 
fundamental problem of harmony in this scale. 

The technical problem of harmony is concerned with the 
determination of the conditions under which the esthetic 
effect of a single chord, and of two (or possibly several) 
sounded in succession, is pleasing. A partial solution is to 
be found in the usual empirical rules and their exceptions 
formulated in treatises on harmony. 

Such a purely empirical solution of the problem, if it can 
be called a solution, can never satisfy the scientific mind. 
In fact the ordinary person, by merely hearing without 
analysis a certain amount of music, learns rapidly to appre- 
ciate harmony even in its more complicated forms. Fur- 
thermore this appreciation develops in a characteristic man- 
ner, so that if the two harmonic passages be heard by differ- 
ent persons, the opinions concerning their comparative 
merits will be almost coincident. This unanimity concerning 
harmony and music generally must rest on some rational 
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basis. Otherwise we must agree with Gurney! and others 
who postulate a mystical “musical faculty”’ which discerns 
the “ideal movement”? which is music. Such a point of view 
can scarcely be termed rational. 

If, however, it can be shown that in harmony, just as in 
polygonal form for instance, there are simple elements of 
order O, having an obvious origin, and that these, on being 
assigned suitable indices, give rise to a satisfactory zsthetic 
measure for the chord or succession of chords, the problem 
of harmony will have been solved in a manner which has 
some claim to being called scientific. 

Furthermore the approach to unanimity in esthetic 
judgment will then be explained by the fact that the associa- 
tions which correspond to these simple elements of order are 
substantially identical for every one. 

The simplest problem of harmony is evidently that of the 
single diatonic chords, with which we shall deal first. 

In a theory of the diatonic chords, the notion of com- 
plexity, C, may be laid aside at the outset. This is because 
a single chord, no matter what its constituents may be, is a 
unitary fact; the only automatic adjustment involved is an 
incipient adjustment of the larynx to one of the constituent 
notes. Hence the complexity C is to be regarded as invari- 
able, so that the zsthetic measure, M, is identified with the 
elements of order, O, according to the fundamental zsthetic 
formula: M =O. Thus we have only to discover the 
various elements of order which enter and their indices, 
and then to unite them by summation. 


10. Tue INTERVALS 


The intervals of the equally tempered diatonic scale 
(except for the octave) are not natural intervals, and may 
1The Power of Sound, London (1880). 
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be completely characterized by the number of steps of the 
_ chromatic scale in passing from the lower note to the higher 
_ note. The esthetic effect of any two intervals involving 
_ the same number of steps, as two perfect fifths, is the same, 
at least provided the intervals are heard in isolation and not 
against the background of an established tonality. 
- It is convenient to list at the outset the usual names of 
these-intervals, and all instances of them in the key of C 
major: 


0 steps; C-C, D-D, etc. unison (or first) 
1 step; E-F, B-c semitone 

(or minor second) 
2 steps; C-D, D-E, F-G, G-A, A-B > full tone 


(or major second) 


3 steps; E-G, A-C, B-d minor third 

4 steps; C-E, F-A, G-B major third 

5 steps; C-F, D-G, E-A, G-C, A-d, B-e perfect fourth 

6 steps; F-B augmented fourth 
6 steps; B-f diminished fifth 
7 steps; C-G, D-A, E-B, F-c, G-d, A-e perfect fifth 

8 steps; E-C, A-f, B-g minor sixth 

9 steps; C-A, D-B, G-e major sixth 
10 steps; D-c, E-d, G-f, A-g, B-a minor seventh 
11 steps; C-B, F-e major seventh 
12 steps; C-c, D-d, etc. octave 


Here we confine attention to intervals formed by pairs of 
notes within a single octave, but with the understanding 
that the general effect of an interval is not modified if 
either note is displaced by an octave. Thus we are led to 
group together pairs of “complementary intervals’? which 
together form an octave, as follows: unison and octave; 
minor second and major seventh; major second and minor 
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seventh; minor third and major sixth; major third and 
minor sixth; perfect fourth and perfect fifth; augmented 
fourth and diminished fifth. 

Hence there are essentially only seven different types of 
intervals to be considered, of which the one of 6 steps, 
F-B, B-f, is to be regarded as peculiar in that it is comple- 
mentary to itself. 

Now, in all probability, a wholly untrained ear would 
grade these musical intervals according to the degree of 
consonance of the two constituent notes. In that case the 
semitone and major seventh would seem to be the most dis- 
agreeable of intervals because of their harsh dissonance, and 
the full tone and minor seventh would be felt as somewhat 
less disagreeable. On the other hand, the octave, the perfect 
fourth and fifth would appear to be the most agreeable of 
intervals because of their consonant quality. 

However, those who are accustomed to the diatonic scale 
are affected somewhat differently. Two cases need to be 
distinguished: the one in which an interval is heard in iso- 


lation, and the other in which it is heard with reference to © 


an established tonality. For the moment we direct atten- 
tion to the first and simpler case. 

Under these circumstances the semitone and major 
seventh are still the most disagreeable of intervals, and the 
full tone and minor seventh are somewhat less so. The 
consonant intervals of the perfect fifth, perfect fourth, and 
especially of the octave are adjudged, however, to be some- 
what insipid. Perhaps this is the case because so many 
instances of these intervals occur in the diatonic scale, and 
the two notes are too closely related. 

Thus, among the consonant intervals, it proves to be the 
major and minor thirds and sixths which are most pleasing 
to the trained ear, for they are found to possess the requisite 
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degree of consonance, while the two constituent notes do 
not blend too completely. The thirds are liked best of all. 
Perhaps this is because the succession of two notes involved 
is so easily sung. 

We have still to consider the interval of 6 steps. This 
interval of the diminished fifth is definitely dissonant. But 
it has also the unique property of being complementary to 
itself; in other words the lower note is related to the upper 
note just as the upper is to (the octave of) the lower. This 
property undoubtedly lends a peculiar interest to the inter- 
val. We shall assume that its favorable zsthetic effect 
more than offsets the dissonance, and so we shall classify 
this interval in the same group as the thirds. 

In this way we are led to arrange all possible intervals of 
the diatonic scale, considered without reference to an estab- 
lished tonality, in the following order of preference: major 
and minor thirds, diminished fifth or augmented fourth; 
major and minor sixths; perfect fourth and fifth, unison, 
octave; major second, minor seventh; minor second, major 
seventh. 

The above partial genetic explanation for the usual order 
of preference among the intervals is essentially similar to the 
explanation of all elementary zsthetic phenomena and does 
not seem to admit of being carried further to advantage. 

It will readily be verified that, when the notes of the 
diatonic scale are actually held in mind, so that the feeling 
of tonality is established, this classification of intervals no 
longer suffices. For instance, in the scale of C major, the 
perfect fifth D-A, is definitely less agreeable than the perfect 
fifth C-G. Under similar circumstances the major second 
C-D is found to be definitely less agreeable than the major 
second F-G. In both cases the cause of the difference lies in 
the fact that the intervals C-G and F-G, whose values are 


: 
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enhanced, are “construed” by the ear to lie in major chords, 
namely in the “tonic chord” C-E-G and the “dominant 7th 


chord” G-B-d-f respectively. 
11. Tue Major, Minor anp DimInisHED TRIADS 


Let us continue the classification of chords by proceeding 
to the triads. Obviously we can take the three notes of 
such a triad to be in closest position, within the compass of 
a single octave. Henceforth we shall consider triads and 
other chords only in relation to an established tonality, 
say that of C major. 

If two of the three notes differ by a semitone or major 
seventh, there will be marked dissonance and the triad will 
be unpleasant. 

Even if two of the constituent notes differ by a full tone 
or minor seventh, the triad will in general be found suf- 
ficiently dissonant not to be pleasant. But there are two 
definite exceptions. Both of the triads D-F-G and F-G-B 
contain the dissonant interval F-G formed by the sub- 
dominant and dominant of the scale. Nevertheless these 
two dissonant triads are not displeasing. However, this is 
not an intrinsic property of the two triads, for, if we repeat 
one of them, as D-F-G, in a different position such as E-G-A, 
the triad is not satisfactory. Evidently the effect observed 
is due to the fact that these triads are construed in their 
first position to lie in the dominant 7th chord G-B-d-f of 
major character mentioned above. 

Let us first consider only the types of triads not con- 
taining any pair of adjacent dissonant notes. Of course, 
if we use the octave C-c, then B must be considered as 
adjacent to C = ¢ in this sense. Thus it is a question of 
selecting 3 to 7 objects which are arranged in circular order 
in such a way that no two of them are adjacent. 
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G F-= f 


Hence the three notes must occur at alternate degrees of the 
scale, with the consequent possibilities: 


(a) C-E-G, F-A-C, G-B-d 
(b) D-F-A, E-G-B,A-c-e 
(c) B-d- f 


Here the notes are written in ascending order. 
_ These are the so-called fundamental positions of the 
triads. The lowest note will be called the “root”’ of the triad, 
so that we obtain seven such triads, with a root for each 
degree of the scale. In consequence these triads may be 
identified by their roots. Thus D-F-A may be called the 
supertonic triad, etc. 

When the root of a triad is not in bass position, the triad 
is said to be ‘‘inverted.”” Thus in a first inversion the lowest 


“to oe 4 
‘ 
. 
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note is the first above the root; in a second inversion, the 
lowest note is the second above the root. For example, 
G-c-e is a second inversion of the tonic triad. 

The tonic, subdominant and dominant triads in class (a) 
are the so-called primary or major triads. They are all of 
identical structure, consisting of a major third followed by a 
minor third. The intervals of the major third, minor third 
and perfect fifth which are involved are all consonant 
intervals of pleasing type. 

Furthermore, the root in these cases is properly called the 
“senerator” of the triad, since the other two notes occur 
among its overtones of lowest orders. Thus it might be 
reasonably predicted in advance that these major triads 
are the best in esthetic quality, and this fact can be imme- 
diately verified. It should be observed that this pleasing 
quality is independent of any feeling of tonality, and is the 
same for all three primary triads. 

The three triads of class (b), with the supertonic, mediant, 
and submediant, respectively, as roots, are the so-called 
minor triads. They are of tdentical structure, since each of 
them consists of a minor third followed by a major third. 
Thus the same consonant intervals are involved in the 
minor triads as in the major triads, and this fact might seem 
to warrant the expectation that the minor triads would be 
as pleasing as the major triads. They obviously are not, 
although thoroughly consonant. In fact the third of the 
chord is not an early overtone of the root, so that the root 
is not a true generator. 

By way of partial compensation, however, there is the 
familiar parallelism of the major and minor modes, which 
necessitates that the primary tonic triad in the minor mode 
will be a minor triad. The appropriateness of the ter- 
minology “major and minor triads” in this connection is 
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apparent. Moreover this parallelism renders legitimate the 


' designation of the lowest note as root of such a minor triad. 


Thus we find that the minor triads, when used in the 


- major mode, are not displeasing, but are inferior in general 


to the major triads. 
The diminished triad consists of two superimposed minor 


_ thirds of consonant type, and involves the characteristic 


diminished fifth. Despite its obvious minor quality, the 
triad produces an interesting effect. The root is obviously 
in no sense a generator. Because of this fact we shall regard 
the diminished triad as without true fundamental position. 

In the case of a first inversion when D is in the bass, and 
the slightly dissonant B, F fall in the upper parts, the chord 
is scarcely felt as dissonant by the Western ear. 

The diminished triad is also used frequently in such a 
way as to partake of the major character of the dominant 
7th chord G-B-d-f already referred to. We shall not con- 
sider this to be an intrinsic property of the triad. 

All of these triads are consonant, with the exception of 
the diminished triad in which the root and fifth are dis- 
sonant. 

The remaining triads, which involve at least a full tone 
or semitone dissonance, are in general not pleasing. They 
will not be considered further at this point. 


12. THe CorRESPONDING CHORDS 


When the constituent notes of any chord whatever are 
reduced to closest position within the octave, there will 
always be marked dissonance if two of these notes differ by 
a semitone or major seventh. Moreover, even if two of 
these notes differ by a full tone or minor seventh, there will 
be dissonance which is generally unpleasant. 

Hence, just as in the case of the triads, we are led to 
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consider first those chords in which no two notes fall at 
adjacent degrees of the scale. 

The case in which only one note enters can be passed 
over without comment, aside from the statement that such 
a note will be construed by the ear to lie in some definite 
triad in accordance with definite laws (section 19). 

If two notes enter, the chord is essentially an interval, but 
will again be construed as in some definite triad. 

When three consonant notes enter, there is one and but 
one corresponding triad, from which the chord is naturally 
named. 

Consequently every such chord may be assigned to a 
corresponding triad, whose name it bears. Similarly the 
chord will be said to be in root or fundamental position in 
case the bass note is the root of the triad. A like terminology 
will be applied to the inversions of the chord. 

If four or more notes enter into the chord, there will be at 
least two notes on adjacent degrees of the scale. Hence 
such chords are dissonant and in general not pleasing. 

There are, however, certain exceptional cases. For . 
example, the dominant 7th chord, G-B-d-f, is distinctly 
agreeable despite the dissonant interval G-f. This chord 
may be regarded as the prototype of the dissonant chords 
most used in practice. We proceed with the consideration of 
such chords. 


13. THe DomINANT 7TH AND 9TH CHORDS 


The most important of dissonant chords is the dominant 
7th chord, formed by a major third, perfect fifth and minor 
seventh, placed above the root. In the diatonic scale of C 
major, this chord appears only in the position G-B-d-f, with 
the dominant G as root. Here there is a single full tone dis- 
sonance involved, namely of the root G and its seventh f. 


4 
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_ It is easy to explain why the dominant 7th chord is the 

most agreeable of all possible chords which involve four 

_ distinct notes. The second and fourth overtones of the root 

_ G are the notes d’ and b” respectively. This relationship 
accounts for the pleasing quality of the primary dominant 
triad G-B-d. Moreover the sixth overtone of G is practically 

_£”, two octaves above the note f. Consequently the dominant 
7th chord, thus regarded, forms a unitary chord of major 
character of which the root G is the true generator. Musical 
usage has combined with this natural superiority of the 
dominant 7th chord to establish it firmly. 

It will be noted that the dominant 7th chord in its funda- 
mental position is made up of successive thirds. This sug- 
gests a further dominant 9th chord, formed by root, major 
third, perfect fifth, minor seventh and major ninth, exempli- 
fied in the single position G-B-d-f-a in the diatonic scale of 
C major. The added ninth almost coincides with the eighth 
overtone of the root lowered two octaves, so that, like the 
dominant 7th chord, this chord is a unitary chord of major 
character. 

The dominant 7th and 9th chords retain their character- 
istic major effect even when inverted, except that in the 
latter case the dissonant ninth should not fall below or just 
above the root, nor below the third of the chord; the ninth 
is of course dissonant with both of these notes. If this 
requirement is not met, the chord is distorted so much as to 
lose its major character. Such an exceptional dominant 
9th chord will be regarded as “‘irregular,”’ in contradistinc- 
tion to the other regular forms of the chord. 


14. THe Higher DoMINANT CHoRDS 


By a higher dominant chord we shall mean any dissonant 
chord containing not only the dominant G, and certain notes 


| 
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of the dominant 7th chord perhaps, but also at least one of | 
the three remaining mutually consonant notes A, C, E. 

If we proceed from the root G of such a dominant chord 
upwards by thirds we obtain all of the notes of the octave in 
the following order: 


1 3 5 . 9 11 13 
G B d f a c’ e’ 


The highest note to appear will be used to characterize the 
dominant chord. Thus if the seventh or the ninth is the 
highest note, the chord is called the dominant 7th or 9th 
chord as the case may be, in agreement with our previous 
usage. Similarly the chord G-B-f-e’ is a dominant 13th 
chord. 

Such a dominant chord will be said to have the dominant 
note itself as root, and to be in fundamental position if the 
root is in the bass. Its successive inversions are calculated 
on the basis of the complete series displayed above: e.g., 
F-G-B-e is a third inversion of the dominant 13th chord. 

In case the ninth A of a dominant 11th or 13th chord is 
below or just above the root G or below the third B, or the 
eleventh C is below or just above the third B or below the 
root G, or the thirteenth E is not at the top of the chord, 
the characteristic effect of the chord is destroyed. Hence, as 
in the case of a dominant 9th chord, such a chord will be 
regarded as regular only if these requirements are met. 
Otherwise it will be considered to be “‘irregular’’ and without 


major character, true root, or corresponding fundamental 
position. 


15. Tue DerivaTIvEs oF DomInANT CuorpDs 


Under certain conditions dissonant chords not containing 
the dominant note itself are felt to have dominant quality. 


a 
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This happens in virtue of the particular musical context. 
which is such that either a preceding dominant note is held 
over in memory, or a subsequent dominant note is present 
by anticipation. Such a dissonant chord will be termed a 
“derivative” of the particular dominant chord suggested. 

More precisely, any dissonant chord in which a note of 
the dominant chord is dominating (section 21) and which 
becomes a regular dominant chord by the addition of the 
dominant note in some position will be termed a deriva- 
tive of this dominant chord. 

Such a derivative will never be taken to have fundamen- 
tal position since the dominant is lacking. 


16. REGULAR AND IRREGULAR CHORDS 


All of the fundamental chords and the regular dominant 
chords have a definite fundamental position. Certain of 
them, namely the primary chords and the regular dominant 
chords, and their derivative chords possess major character. 

All other chords are said to be irregular, and are never 
regarded as having fundamental position or major char- 
acter. 

We shall not attempt to consider the chords of the minor 
mode, despite the fact that the classification proceeds along 
entirely similar lines. Of particular interest is the chord of 
the diminished seventh, which in the key of A minor is 
represented by D-F-G#-B. The chord of the diminished 
seventh is only slightly dissonant since it is made up of four 
equal intervals of a minor third to the octave, and involves 
no dissonances except the diminished fifth. This chord is 
very important for harmonization in the minor mode. Be- 
cause of its structure, the various positions are functionally 


indistinguishable. 
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17. Fina CLASSIFICATION OF CHORDS 


Thus we obtain the following list of regular chords: 


I C*_-E-G (tonic) 
il D*-F-A (supertonic) 

ili E*-G-B (mediant) 

IV F*-A-C (subdominant) 
V G*-B-D (dominant) 

V7 +=G*-B-D-F (dominant 7th) 
v9 G*-B-D-F-A (dominant 9th) 

Irregular if A is below G or B, or one note above G. 

Vil G*-B-D-F-A-C (dominant 1ith) 


Irregular if A is below G or B, or one note above G; 
or if C is below G or B, or one note above B. 

V1i3 + G*-B-D-F-A-C-E 
Irregular if A is below G or B, or one note above G; 
or if C is below G or B, or one note above B; or if 
E is not at the top of the chord. 


v1 A*-C-E (submediant) 

vil B*-D-F (leading tone) 
Not dissonant if D is in the bass, and B, F are not 
doubled. 


In each case the Roman numeral refers to the position of 
the root, which appears first and is starred. The large 
Roman numerals are used for those regular chords which 
have major character. 

The notes which are felt as dissonant in a higher dominant 
chord are in general those not belonging to the primary 
dominant part of it; such a note is dissonant, however, 
only in case the notes with which it is dissonant are present. 
This is because the higher notes F, A, C, E are felt as dis- 
sonant against this dominant chord. 


ay 7" 
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All irregular chords may either be thought of as irregular 
' dominant chords or as formal derivatives of such chords, 
i.€., as inversions in which the root is absent. 


18. INCOMPLETE AND AMBIGUOUS REGULAR CHORDS 


In musical compositions there appear often certain com- 
- binations of notes constituted by some but not all of the 
notes in one of the regular chords. Such a chord or interval 
will be said to be “incomplete” in case it contains two notes 
only, or is part of a higher dominant chord in which the 
characteristic seventh is absent. In such a case the chord 
is notably deficient in quality. 

Furthermore, in case its notes are consonant and can be 
ascribed to two consonant chords, it will be said to be 
“ambiguous.” Thus the interval C-G in the key of C major is 
incomplete because it lies in the tonic chord but does not 
contain the mediant; it is not ambiguous however. On 
the other hand the interval E-G is not only incomplete but is 
ambiguous also, since it may be ascribed either to the tonic 
or to the mediant chord. 

No other regular chords are to be regarded as ambiguous. 
For these are assignable to one and only one of the dissonant 
regular chords. 

In the case of an ambiguous consonant chord preceded by 
a consonant chord, a most important rule of association is 
readily formulated. Any ambiguous consonant chord is con- 
strued to lie in an augmented consonant chord, primary if 
possible, which contains a maximum number of notes of 
the preceding chord. 

Suppose, for instance, that we have the sequence of two 
intervals A-c and c-e. If the second interval were heard in 
isolation it would be construed as in the tonic chord I of 
course. But, being preceded by A-c, it is clear that the sub- 
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mediant chord vi is the augmented chord determined by the 
rule. Hence in such a case the interval c-e is construed to 
lie in the submediant chord. This is in obvious agreement 
with the facts. 

Our reason for specifying the rule of association is to make 
it clear that ambiguous regular chords are construed to lie 
in a definite complete regular chord in all cases. 


19. THe Cuorp VALUE Cd 


With these preliminaries in hand, we are in a position to 
define the three elements of order in a chord which we 
regard as determining its esthetic measure m.! The chord 
will be taken in the tonality of a major diatonic key, say 
C major, and will be regarded as definitely construed in 
case it is ambiguous (section 18). 

The first of these elements will be called chord value and 
denoted by Cd. It refers to certain obvious attributes of 
the chord which are not changed when its upper notes are 
moved up or down by octaves. 

We have seen that there is a fundamental division of 
chords into two types: namely, the regular chords of major 
character, and all others. Those of the first type have a 
brightness of tone which makes them generally superior 
to those without it. The characteristic differentiation be- 
tween major and other chords gives rise to the first compo- 
nent in Cd. 

Of course this is true only in the tonality of a major key. 
When a minor mode is used, the superior quality is trans- 
ferred in part from the major to the minor chords. 

Still another classification separates the allowed chords 


1 We use the small letter m, instead of M, since the latter will be reserved for 
the zsthetic measure of a sequence of two chords. 
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into those which do not involve dissonance, and those 


_ which do. A dissonance of a full tone always operates un- 


favorably as far as the isolated chord is concerned. If a 
dissonance of a semitone enters, or of a ninth (sixteenth, 
etc.) the dissonance is still more unpleasant. The third 
component of Cd takes account of the effect of dissonance. 

Finally, if the chord is incomplete (section 19), it loses its 
representative character. The last component of Cd cor- 
responds to this factor. 

Hence we are led to define the chord value Cd in the fol- 
lowing manner as the sum of four components: a component 
1 if the chord is major in character; a component 1 if the 
chord is in fundamental position; a component —1 if the 
given chord is dissonant, and —1 in addition if the dis- 
sonance of a semitone or ninth is involved; a component 
—1if the chord is incomplete. 

It is obvious that certain facts whose importance has 
appeared during our consideration of chords, are taken ac- 
count of by this element of order Cd, namely those con- 
cerned with major character, fundamental position, disson- 
ance and in completeness. 


20. Tue INTERVAL VaLuE J 


If one examines any melody with a simple harmonization 
it will be found that while other notes of a consonant chord 
may be lacking, the third above the bass is almost invariably 
present, and that this is the case to such an extent that a 
consonant chord seems inferior in case the third above the 
bass does not occur. 

It is interesting to ask the basis of this feeling. The 
explanation is perhaps the following: The fundamental 
triads are the most frequently employed chords, and in par- 
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ticular are best in fundamental position with their root and 
generator in the bass. In this event the upper notes are felt 
to be naturally related to this root. Furthermore such a 
triad is naturally sung in ascending from the root through 
the third and fifth. In consequence the third is regarded as 
the most characteristic note after the root, not only for the 
major triads but for the minor and diminished triads as 
well. If the third is actually present, there is a feeling of 
satisfaction, and, if it is not present, there is dissatisfaction. 
This feeling is then extended by association to the more 
complicated regular chords. 

The situation is somewhat altered in the case of the dis- 
sonant regular chords as follows. In the case of the domi- 
nant chords and their derivatives, when the characteristic 
seventh, F, is in the bass, this note seems to be transferred 
mentally to the higher parts of the chord; here the note 
above F plays the réle of the bass note. If the third above 
this note occurs in the chord with no dissonant note inter- 
posed, the expected third is felt to be present. In the case 
of irregular chords, if the third above the bass occurs and no 
dissonant note is interposed, the expected third is again 
felt to be present. 

We shall include all of these possibilities under the head- 
ing of the ‘‘expected third.” 

Besides the expected third, another interval which is felt 
pleasantly is that of the diminished fifth. The pleasantness 
of this dissonant interval has already been alluded to 
(section 11). 

With these facts in mind we are led to formulate the fol- 
lowing definition: 

The interval value J of a chord is the sum of the follow- 
ing two components: 1 if the interval of the expected third 
appears; 1 if the interval of the diminished fifth appears. 
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21. Tue Vatus D or THE Dominatine Note 


Among the notes of a chord there is a lowest one which is 
repeated at least as often as any other in the chord. This 
note will be termed the ‘“‘ dominating note” for obvious rea- 
sons. In the particular case of a chord of four parts, which 


‘1s of especial interest, the doubled note is the dominating 


note, unless there are no doubled notes or two pairs of 
doubled notes, in which cases the dominating note is clearly 
the bass. 

Generally speaking, it is important that the right note of 
a chord be dominating if the effect is to be as good as pos- 
sible. It is this last element D of the dominating note that 
we proceed to consider. 

The quality of a chord is enhanced when a consonant 
primary note is dominating. In fact the brightness of a 
major chord is thereby increased, while the sombre effect of 
a minor chord is lessened. If the dominating note is not 
only such a primary note but is the root of the chord in 
fundamental position, the best result is obtained of course. 

For a diminished triad the only primary note is the 
fifth, which is regarded as dissonant when dominating, even 
if the third is in the bass; here it is of no advantage to 
have a dominating primary note. 

For the dissonant dominant chords of regular type it has 
been observed that the dominant note G is not felt as a dis- 
sonant note of the chord (section 22), and the brightness of 
these chords is increased if G is dominating. 

On the other hand it is very undesirable that a doubled 
dissonant note or the leading note, or even the fourth above 
the consonant bass, be dominating. In fact the leading note 
strongly suggests the dissonant tonic, and the fourth above 
the consonant bass is dissonant with the expected third. 
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All of these facts are taken account of in the following 
definition of the value D of the dominating note: 

A component 1 is assigned to D if a consonant primary 
note is dominating, and 1 in addition if it is root and bass 
of the chord; a component —2 is assigned to D if a doubled 
dissonant note!, or the leading note, or the fourth above the 
(consonant) bass is dominating. The value of D is the sum 
of these components. 


22. Tue Astuetic MEASURE m OF THE SINGLE CHORD 


The zsthetic measure m of the single chord in a definite 
tonality will be taken as the sum of the chord value Cd, the 
interval value J and the value D of the dominating note: 


m= Cd+I1I+D. 


The definition of Cd, I, D may be briefly restated as 
follows: 

Cd is the sum of the following four components: 1, if the 
chord is major; 1, if it is in fundamental position; —1, if it 
is dissonant, and —1 in addition if it involves a semitone or 
ninth dissonance; —1 if it is incomplete. 

I is the sum of the following two components: 1, if the 
interval of the expected third appears; 1, if the interval of 
the diminished fifth appears. 

D is the sum of the following two components: 1, if a 
consonant primary note chord is dominating and 1 in addi- 
tion if it is the root and bass of the chord; —2 if a disso- 
nant note,! or the leading note, or a fourth above the 
consonant bass is dominating and doubled. 

In the application of the formula it is taken for granted 
that the notes of the chord are not too widely separated. 


LA note of the diminished fifth in the upper parts is not regarded as disso- 
nant in the application of this rule, 


j 
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For definiteness let it be assumed once and for all that the 


- interval between the bass and the first note above it is less 


than two octaves, and that no other interval between adja- 
cent notes exceeds an octave. If these limits are exceeded, 
the chord becomes of dubious value, because of its obvious 
lack of unity.! 

It is assumed also that the chord does not consist of only 
a single note or of the same chord repeated in different 
octaves. 


DiacramM oF ASsTHETIC MEASURE m OF CHORD 


Et be RA OF. 

______1: fundamental position 

—1: semitone or ninth Cd 
—1: dissonance 

—1: incomplete 


ple Ss]? ected third 
Chord — br 


: diminished fifth 


— 


1: root and bass 
1: consonant primary note 
—,~ Dominating note D 
—2: doubled dissonant note, leading 
note or fourth above bass 


=Cd+I+D 


The attached diagram not only illustrates the formula, 
but serves to recall its associative basis according to the 
general theory. 

A cursory examination of the diagram shows that the 


1 In general ‘‘close positions” are superior to “extended positions,” but we shall 
not attempt to evaluate this factor. 
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measure of no chord can exceed 5, this limit being attained — 
only by the primary and dominant 7th chords in funda-_ 
mental position, with dominating root. The least possible 
measure is —4. We shall find that a chord with measure 
4 or 5 may be considered as good, with measure 3 as fair, 
with measure 2 as passable, and others as in general bad. 

It may happen that a dissonant chord rated as passable 
does not admit of satisfactory resolution. Such a chord is 
not usable in sequence, and so is to be regarded as unsatis- 
factory from this point of view. On the other hand, occa- 
sionally a chord not even passable must be introduced in 
sequence owing to the rigid requirements of the pattern 
used. 


23. THe ComMpLeTE TRIADS IN FUNDAMENTAL PosITION 


It is interesting to consider the usual rules concerning the 
single chord in the light of the theory proposed above. Here 
we shall make the natural assumption that, other things 
being equal, the chords most employed are best in them- 
selves. Frequently used chords will be expected to rate as 
good or at least fair, with m not less than 3. Likewise, for 
chords which are used but seldom, we shall expect to find 
m equal to 2. 

In effecting such a comparison with the usual rules of 
harmony we shall limit attention to harmony in four parts, 
which is the case usually treated, and shall consider these 
rules as they are formulated by Prout (referred to as P) in his 
Harmony; its Theory and Practice (31st edition).! 

The first general statement is to the effect that “‘the 
relative positions of the upper notes of a chord make no dif- 


1 We have selected this practical text because it is thoroughly conventional in 
its treatment, and representative of a crystallized “classical’’ point of view. 
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_ ference to its nature, provided the same note of the chord is in 


the bass”’ (italics as in P., p. 36). 
This conclusion is obviously in complete agreement with 


our formula, in the sense that the values of the Cardeel); 
_and of their component parts, are not altered by such re- 
_ arrangement of the upper notes of any regular chord. 


Next (P., p. 37) we may quote the statements “‘with one 
exception, . . . it is possible to double any of the roots of a 
triad: but they are by no means all equally good to double. 
... Double a primary rather than a secondary note.” This 
statement is of course directed towards the element D in our 
formula. 

Inasmuch as only the primary triads in fundamental 
position are being considered by Prout at this stage, we have 
to inspect the following tabulation of values of m: 


C-E-G, F-A-C, G-B*F-D 
5 4 


3 4 5 3 5 1 3 


Here the corresponding value of m is listed underneath each 
possible dominating note in these triads. Here and sub- 
sequently the asterisk is used to indicate that the correspond- 
ing chord is not even “passable.” It appears then that all 
of these chords are rated as good when a primary note is 
dominating, and as fair otherwise, with one exception. This 
exception is the one referred to, namely the doubling of the 
leading note in the dominant chord which is never allowed 
‘excepting in the repetition of a sequence” (P., p. 38). 
The second rule concerning doubling is formulated as 
follows: ‘‘In the root position of a chord, it 1s seldom good to 
double the fifth” (P., p. 37). Evidently this conclusion is 
justified by reference to the above table in which m is 
greater by 1 or 2 if the root is doubled, than if the fifth is 


doubled. 


| 
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Although these two rules have reference in the first sie | 
only to the primary triads in fundamental position, they | 
are represented as equally applicable to the minor triads in 
fundamental position, inasmuch as explicit exception is 
made of the diminished triad vii. But for these minor 
triads the corresponding tabulation is 

D-F-A, E-G- Bt, A-C-C 

2 3 2 2 3 0 2 3 2 
From these values it appears that this extension of the 
rules is also in accordance with the formula. 
_ Concerning the remaining diminished triad 277 it 1s stated 
(P., pp. 37-38): ‘a diminished triad is very seldom found 
in root position, except in a sequence”; “in the chord o74 
the fifth is the only primary note. Here, however, it can- 
not be doubled in root position because the fifth of this 
chord is not a perfect, but a diminished fifth, and we shall 
learn later that it is not generally good to double a dis- 
sonant note’’; “excepting in the repetition of a sequence... 
the leading note must never be doubled.” 

The most favorable tabulation of this chord of the dimin- 
ished fifth arises on the assumption that the chord is a 
derivative of V8, when we get 

B* — D* — F* 

=F ae = 
These results show that the root and fifth are not to be 
doubled in any case, and that the chord with doubled third, 
D, can only be used in sequence. This agrees with Prout’s 
statements quoted above. 

The fact that the primary or major triads are in general of 
higher rating than the minor and diminished triads agrees of 
course with the characterization of the “primary chords, as 
the most important in the key”’ (P., p. 49). 
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Thus so far as the complete fundamental triads in funda- 


‘mental position are concerned, the ratings given by the 


formula are in complete agreement with the usual rules. 


24. THe INcoMPLETE TRIADS IN FUNDAMENTAL PosiITIon 


In the case of incomplete triads, the ratings of the funda- 
mental positions are as follows: 


C-E,C-G;F-A,F-CG- rete py 
4 3 2 2 3 2 4 0 3 1 
Le nant ean te Gong 
1 2 0 0 1 2 0 —2 1 Zz 0 0 


Here we have put the major triads in the first line, the 
minor triads in the second line. The diminished triad is 
omitted since it is not passable even when complete. 

These ratings indicate that the best note to omit is the 
fifth, in conformity with the rule (P., p. 39): “One note of 
a triad is sometimes omitted. This is mostly the fifth of 
the chord—very rarely the third...” It will be noted 
that all of the triads have passable forms if the fifth is 
omitted. This latter fact justifies the use of such chords as 
stated (P., p. 39); “But it not infrequently becomes neces- 
sary to omit the fifth, in order to secure a better progression 
of the parts.” 


25. Tue First INVERSIONS OF THE TRIADS 

Let us turn next to examine the first inversions of the 
fundamental triads. The tabulation with all three notes 
present is as follows: 


ReeCerCe AO eh a BD, 
2 3 3 2 3 3 0 2 3 
Ror Hareb tr Cs BEA 
2 1 1 2 —1 2 1 1 


NS 

1 
m he 

i 
SW. pa 
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a 


rr roe wees 


where we have put the major triads on the first line, the © 


minor triads on the second line, and the diminished triad, 
taken as a derivative of V7, on the third line. 


Evidently from this tabulation we are led to expect that — 


“all the triads . . . can be used in their first inversion” (P., 
p. 63). As for doubling it clearly remains advisable to 
double a primary note instead of a secondary excepting in 
the case of the diminished triad in accordance with the 
statement (P., p. 63): “The rule. . . to double a primary, 
rather than a secondary note, applies to first inversions as 
well as to root positions.” 

The exceptional case of the diminished triad is treated 
separately (P., p. 63): ‘“‘The root, being the leading note, 
must on no account be doubled except in the repetition of a 
sequence. As a general rule, 1m the first inversion of a dimi- 
nished triad, the best note to double is the bass note. But it is 
not forbidden to double the fifth (the primary note of the 
chord), if a better progression is obtained thereby.” 

It will be noted, moreover, that for the major triads 
there is no longer any especial advantage in doubling the 
primary root instead of the primary fifth, as indicated in the 
following statement (P., p. 63): “But the objection to 
doubling the fifth of the chord no longer holds good.” 

If we tabulate the incomplete forms of the triads in their 
first inversions, we obtain the following: 


E-G EiC? Ac C-A= Fo RebeBea 
1 v4 0 it 1 2 0 t —1 2 —2 1 
F-A, Pod: Gap G ohn cee 
1 0 0 —1 1: —2 0 —1 1 0 0 -—1 


Here the major and minor triads appear on successive lines. 
From this table it appears that the fifth of the chord can- 
not be omitted in a first inversion except possibly in se- 


The Diatonic Chords 281 


quence, although in certain cases the root may be; the third 
- is of course the bass in a first inversion. These conclusions 


are to be compared with the statement (P., p. 63) “while the 
fifth is often omitted in a root position, it is hardly ever 
good to omit it in a first inversion.” 

In concluding our remarks about the first inversions of the 


fundamental triads, it may be observed that our formula 


contains a positive component Cd corresponding to the 
fundamental position of a chord, and so recognizes a certain 
natural superiority of the fundamental positions as com- 
pared with first inversions. 


26. THe SEcoND INVERSIONS OF THE TRIADS 


The importance of securing a naturally moving bass note 
in a melody outweighs that of using the chords in their 
fundamental position, so that first and higher inversions are 
often employed. 

Concerning the second inversion of a triad it is stated 
that “its effect is much more unsatisfying than that of 
either the root position or the first inversion” (P., p. 65). 
From our point of view, the inferior effect is due to the lack 
of an expected third above the bass, although the fourth, 
dissonant with the third, is present. This is the gist of the 
italicized statement (P., p. 65) “a fourth with the bass pro- 
duces the effect of a dissonance.” 

Let us tabulate the second inversions of the triads in 
complete form: 


eh Gk AD: 2G Sih: 
2 0 1 2 1) 1 1 0 —1 
a. is peed Seams og Seale au Demet ee 
0 —2 1 =2 —2 i) 0 =2 1 
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It appears, therefore, that the second inversions of the minor _ 
and diminished triads (the latter taken as a derivative of 
V7), are not even passable, even if the best note is doubled 
and no note is omitted. This is in agreement with the 
observation (P., p. 66): “Though it is possible to take any 
triad in its second inversion, the employment of any but 
primary triads in this position is extremely rare.”’ 

This same tabulation is in entire agreement with the fol- 
lowing rule (P., p. 71): ‘‘The best note to double in a 
second inversion is not the root of the chord, even when this 
is a primary note. . . . The bass note itself is almost always 
the best note to double; but it is possible, and occasionally 
even advisable, to double either the third or the root of the 
chord. In the extremely rare cases ilic, the second inversion 
of 111, the bass note, being the leading note, must of course 
not be doubled; here the third of the chord (the primary 
note) is, as in other positions of the same chord, the best 
to double.”’ 


27. Tue Dominant SEVENTH CHORD 


Among the regular chords there remain for consideration 
all of the dissonant chords, aside from the diminished triad. 
We consider first the dominant 7th chord. The tabulation 
for the chord in four parts, complete or incomplete, is as 
follows: 

F, 


—2 


~F Go Dek Ge 
1 3 1 2 


fe, 
oy 
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Here the first line contains the fundamental position, and 


the three following lines contain the three successive inver- 


sions respectively. 

The first statement to be considered is the following (P., 
p. 96): ‘The chord of the dominant seventh is very fre- 
quently found with all of its notes present: but the fifth 


1s sometimes omitted, and in this case the root is doubled. 


Neither the third nor the seventh of the chord can be 
doubled... ” 

This statement is in entire accord with the results de- 
rived from our formula tabulated above. It will be observed 
that the fundamental position is rated as fair (m = 3) when 
the third is omitted provided the root is doubled, and as 
passable even if the fifth is also omitted, provided the root 
is tripled. However when the third is present the chord has 
its maximum rating (m = 5), so that naturally the third is 
to be included if possible. 

It will be seen from the tabulation that the three inver- 
sions of the dominant 7th chord have a number of satis- 
factory forms. They are used frequently (P., pp. 103-109). 


28. THE DomINANT 9TH CHORD 


The dominant 9th chord has next to be considered. Since 
it involves five notes all of them cannot be present in four- 
part harmony. However the root G and the dissonant 
ninth, 4, are present of course. 

It is to be pointed out first of all that the requirements of 
regularity which have been imposed are in accordance with 
the usual rules and also with the theory elaborated above. 
To this end we quote (P., p. 164): “As the major ninth 
if placed below the third of the chord will be a major second 
below that note, it will frequently sound harsh in that 
position. It is therefore generally better to put the ninth 
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above the third” (P., p. 161). Furthermore we observe © 
that for an irregular dominant 9th chord Cd is negative, I 
is at most 2, and D is at most 0, so that no irregular domi- 
nant 9th chord can rate as even passable. Consequently we 
need only consider the regular dominant 9th chords. 

It is easy to determine the only passable forms of the 
dominant 9th chord, in which the characteristic seventh, F, — 
is absent. Evidently, since the dissonant ninth falls above 
the root, Cd is at most —1. Also since F is absent, the 
interval of the diminished fifth is not present, and J is at 
most 1. Hence D must be at least 2 and J must be 1, if the 
chord is to be passable. This means that the root G must 
be in the bass and dominating, and that the third B is also 
present. Hence the only passable possibilities are 


(eRe): gd bee ay Clie! fisre 
2 b) 


Only the forms of the regular dominant 9th chords with 
the seventh present remain to be considered. The tabula- 
tion of these is as follows: 


* 


GB. Fs ASG. Ds haw Geen 
4 2 


A —2 —2 
Back. Coal 
251 
Da Baar 
1 


F-G-B-A, F-G-D-A, R-G-A 
= =% 


Here the root position and the three possible inversions 
appear in successive lines. 

The statement to be considered in the light of all these 
results is the following (P., p. 161): ‘The seventh is almost 
always either present in the chord or, if not, it is added 


q 
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_ when the ninth is resolved....In the root position it is 


' generally the fifth that is omitted; but if the root be not 


in the bass, it is seldom present at all. Inversions of the 
chord of the ninth are therefore very rare... ” Evidently 
this statement corroborates the tabulation, which indicates 
that the only good form of the chord in four-part harmony 


~(m = 4) is the fundamental position with the fifth absent. 


29. Tue Dominant 11TH CHorRD 


Let us proceed similarly with the dominant 11th chord, 
in which the position of the ninth and eleventh from the 
root are restricted as in the dominant 9th chord, it is at once 
found that there are no irregular cases which are even rated 
as passable. Also if the chord is regular but incomplete, the 
possibilities in fundamental position are seen to be rated as 
follows: 


eee CeC hen Co CD. va 
2 2 2 
Pe ee Ome CO 

=2 =2 2 —2 —2 2 =2 2 


No inversions need be considered since they cannot rate 
higher than 1 in the most favorable case. 

Thus it remains only to tabulate the complete forms of 
the regular dominant 11th chord with root, seventh, and 
eleventh present: 


G-B-F-C, G-D-F-C, G-F-A-C, G-F-C, 
4 3 3 3 


rine eeis 
=9) 
Deke Goc 
1 


Pee Ct EuG DUC. FG sAcC. FeG-C 
0 —Z —2 —2 
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Here the fundamental position, the first, second and third, 
inversions appear on successive lines; the fourth inversion is 
not possible in the regular case. 

These results must be compared with the following state- 
ments: “As the eleventh is a dissonance, the usual resolu- 
tion of which is by descent of a second [i.e., descent to the 
third,| the third is mostly omitted in accordance with the 
general principle [of resolution] . . . Either the fifth or ninth 
of the chord is also generally omitted; but the seventh is 
usually present...” (P., p. 172). “Owing to the harsh dis- 
sonance of the eleventh against the third, the first inversion 
of this chord is very rare” (P., p. 174). “The second inver- 
sion of the chord is much more common than the first” 
(P., p. 174). “The third inversion of the chord is so rare 
that we are unable to give an example of it.” (P., p. 175). 
“The fourth and fifth inversions are also very seldom met 
with” (P., p. 175). 

In making such a comparison let us recall the fundamental 
fact that the esthetic measure proposed is a measure of the 
single chord taken in a definite tonality. Hence according to 
the theory the first chord listed G-B-F-C is the best of all 
the dominant 1ith chords, when taken singly. In my 
judgment this is true. It seems to me also to be true that, 
of the other forms, the fundamental positions rated as pass- 
able are precisely the ones which are tolerable to the ear, 
and that the single second inversion D-F-G-C, which has 
highest rating (m = 1) among the others, comes next 
in order. 

If we accept this as a fact, the following explanation of 
the first statement quoted seems to be the correct one: It 
is not possible to use this best form, as it stands, in a 
sequence of chords, for, as stated by Prout in the first quo- 
tation, there would then be a difficulty in the resolution 


= ——¢ 
4 
e 
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to the dominant chord; in fact the thirteenth C must fall to 
the third B, which cannot then be present in the chord. 
However, if the third is omitted from the chord, while the 
eleventh drops to the third in the resolution, the third may 
be regarded as present by anticipation. 

With this interpretation, it is also reasonable to think of 
the second inversion D-F-G-C as D-F-G-(B-)-C with m = 2. 
Here we count the interval value J as though B were 
actually present, but do not admit the semitone dissonance 
B-C as actual. Hence the comparative commonness of the 
second inversion seems to be what is to be expected. 


30. THe Dominant 13TH CHorD 

In dealing with the dominant 13th chords, we are imme- 
diately reduced to those of regular type, as the only ones 
which can be passable, just as in the case of the dominant 
9th and 11th chords. Of the incomplete chords, which 
lack the seventh, it is again clear that none can be passable 
which are not in fundamental position; and that even then 
the root must be dominating and the third must be present. 
Thus the only passable incomplete forms are found to be 
the following: 

G-B-D-E, G-B-A-E, G-B-C-E, G-B-E 

3 2 2 


In the complete case, when G, F, E are all present in the 
chord, the following possibilities arise: 


G-B-F-E, G-D-E-E, G-F-A-E, G-F-C-E, G-F-E 
4 2 2 2 


2 —2—2 


B-F-G-E 


—2 


D-F-G-E 

0 

F-GB-E, #-G-D-F, F-G-A-E, F-G-CE, F-G-E 
—=3 =3 —3 —3 


—1 
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Here the fundamental positions and the three successive 
inversions are given on the successive lines. 

Concerning the dominant 13th chord, Prout says (p. 186): 
“Though an enormous number of possibilities are possible, 
comparatively few are in actual use. . . . We begin with 
those most frequently used.” He lists the three principal 
types as follows: I. Root, third and thirteenth; II. Root, 
third, seventh and thirteenth; III. Root, third, fifth and 
thirteenth. 

Now the first of these chords is merely the mediant chord 
although it may function differently in a sequence of chords 
(Cf. IV). This chord need not occupy us further since it has 
already been rated as passable in itself (m = 2). The 
second form is ‘‘the commonest and most useful form of the 
chord” (P., p. 188) and is the only one rated above as good 
(m = 4). The third form is “much rarer than the preceding”’ 
(P., p. 190) and is rated as fair (m = 3). 

On the basis of the preceding tabulation we can at once 
determine all usable forms of derivative chords. 

VE 

The only possible derivative here is the dissonant 
diminished fifth B-D-F already considered (section 23). 

v9. 

The only possible derivative here is made up of some 
or all of the notes of B-D-F-A, the so-called “‘leading tone 
7th chord.”? The notes B and A must actually occur, with 
A above B. 

An examination of the possibilities yields only the follow- 
ing passable cases 


B-D-F-A, D-F-A-B, F-A-B-D 
2 2 2 


The first and third of these can only occur in five or more 
parts since the note D must be doubled. Thus in four-part 


| 
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harmony only the second form is usable. This is a “first 


inversion” of the leading tone 7th chord, in complete form. 


Of the three examples given by Prout of the use of this 


_ chord in a major key (P., pp. 167-168), the first, taken 


from Graun’s Te Deum, illustrates the “root position’’ of the 
leading tone note seventh, with doubled leading tone. This 


chord is extremely harsh as one would expect; its rating in 
this form is 0. The second example, taken from Mendel- 


ssohn’s Variations, Op. 82, is precisely the first inversion in 
the four-part form, rated above as passable. The third 
example, taken from his St. Paul, illustrates the second in- 
version above but with no note doubled: this chord rates as 
1 and so may be regarded as usable in sequence. 

As Prout notes (p. 169), it is the leading tone seventh 
chord in a minor key that is of first importance; this is 
indeed the chord of the diminished 7th chord (section 17), 
“the chief derivation of the chord of the ninth and its most 
frequently used form.” Indeed this chord in the form 
B-D-F-G is useful for chromatic purposes and for modula- 
tion in major harmony also. 

Since we are confining attention strictly to diatonic 
chords, the diminished 7th chord does not enter into con- 
sideration. 

Vil. 

The only possibilities in question here are made up of a 
selection of the notes B-D-F-A-C in which C is present. If 
B is also present, there is the harsh discord of a major 
seventh, and the esthetic measure m cannot exceed 0, since 
there is no consonant primary note to place in dominating 
position. Hence “the derivative of the first inversion [of 
the dominant 9th chord] is as rare as the inversion itself, 
and for the same reason the harshness of its dissonance” 


(P., p. 175). 
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Thus there remains to consider only the notes of the — 
“supertonic 7th chord” D-F-A-C, in which D as well as CF 
must be present. Taken as a derivative and in complete 
form, this chord rates 2 if the consonant primary note F is 
dominating, and at most 1 otherwise. In four-part harmony 
then there is only one passable form, namely that of the 
first inversion of the supertonic 7th chord with all of its 
notes present. This seems to explain why the first inversion 
is ‘‘one of the most frequently used of the derivatives of the 
chords of the eleventh” (P., p. 178). 

In connection with all derivative chords, it should be 
noted that the zsthetic measure depends on the intensity 
and definiteness with which the lacking dominant note G and 
its third are suggested by the musical context. Hence under 
certain circumstances the derivatives may have an esthetic 
measure hardly less than that of the best corresponding 
dominant chords. 

V13. 

Here we have to make a selection of the notes B-D-F-A- 
C-E in which E is to be included. 

If F is present there is a semitone dissonance and it is 
seen at once that no form can rate as passable unless there 
is a dominating consonant primary note, which would then 
have to be C. Hence neither B nor D can be present, and 
the only notes possible are F-A-C-E. These form the “‘sub- 
dominant 7th chord.” Moreover since B is not present, there 
is no interval of the diminished fifth in this chord. Under 
these circumstances the chord cannot rate as high as 2 and 
so is not passable. 

On the other hand when F is absent, if B is present, there 
will still be a semitone dissonance of B and C if C occurs so 
that there is no consonant primary note in the chord; on the 
other hand if C does not occur there is no primary note at all. 
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_ Hence there is no passable form in which B is present. 
We infer then that B as well as F is absent in any passable 
_ form. 

Consequently the selection has to be made from the notes 
D-A-C-E. But here the single primary note C is dissonant if 
_ Doccurs. Thus we are reduced to the consonant form A-C-E, 

which is not a true derivative according to our definition. 

Consequently, according to our theory, there is no passable 
derivative of the chord of the dominant thirteenth in a 
major key. 

With this result is to be compared the statement (P., p. 
191) that the derivatives of the chord of the thirteenth in 
common use are “‘nearly all chromatic” and so not diatonic, 
and that ‘‘the only important diatonic derivative is that in 
which the root, third, fifth of the chord are all wanting.” 

Apparently the second statement concerning the deriva- 
tive F-A-C-E, i.e., the “subdominant 7th chord” does not 
agree with our result; for this chord rates 0 in four-part 
form with all notes present. 

It is to be observed, however, that because of the unques- 
tionable harsh dissonance of this seventh chord, it is usual 
to prepare the dissonant seventh or root, that is to prolong 
one of these notes from a consonant note of the preceding 
choral. By this device the harsh dissonance is somewhat 
masked. If we regard this device as diminishing the index 
of dissonance from 2 to 1 the chord thereby becomes usable 
in sequence. 

Such preparation is made in the single example in a 
major key given by Prout (P., p. 191, ex. 363). 


31. IRREGULAR CHORDS 


It is easily shown that no irregular diatonic chord can 
rate even as passable in its esthetic measure m. 
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In fact the chord value Cd of such a chord is necessarily | 
negative because of its dissonance, while the value D of the — 


dominating note is at most 1. Hence Cd + D is at best 0. 


Thus J must be at least 2 if the chord is to be passable, and 
so both the expected third and the diminished fifth must be 
present. Furthermore a consonant primary note, E or C, 
must occur if Dis to be 1. But C is dissonant with B, and E 
is dissonant with F. Hence there is no passable irregular 
chord. 

On the other hand such irregular chords fall under the 
head of ‘‘secondary discords” which are not considered to be 
derivatives. According to Prout (P., p. 193) ““much more 
importance was formerly attached [to these discords] than 
is the case at the present day” (P., p. 193). 

In the first of the three examples given by Prout, (P., pp. 
194, 195, 368, 369, 370) taken from Handel’s Joshua, 
‘secondary 7th discords”’ are used in the sequence of a pat- 
tern and there is a rapidly moving soprano over slowly 
changing lower notes. Thus the lower notes function more 
or less as drone notes, and this usage steps outside the 
domain of a succession of chords at equal intervals to which 
we are confining attention. 

In the second example taken from Bach’s Fugue in E 
Minor there is preparation of the secondary 7th discords, so 
that the chords are irregular only because of a sustained 
note of preparation continued from the preceding chord. 
This usage also lies outside of the restricted province under 
consideration. 

The third example shows the ‘“‘much rarer” secondary 9th 
discords used in sequence. The strong contrapuntal play 
between bass and soprano parts justifies an unusually harsh 
irregular sequence of dissonant chords. 
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32. SumMMARY 
“4 


In this chapter, then, we have recalled the origin and 
_ development of the diatonic scale and its various chords. 
_ The genetic account makes clear how the simple elements of 
order which appeared in our formula for the zsthetic 
- measure m of a diatonic chord arose. 

These elements of order are usually regarded as so obvious 
that they are mentioned only incidentally in textbooks on 
harmony. According to the quantitative theory, the associa- 
tive apparatus of the mind casts an automatic balance of 
these elements, positive and negative, and the resultant 

tone of feeling determines the sense of zsthetic value, 
_ measured by m. The diagram of section 22 may be regarded 
as a schematization of this process. 

The ratings of chords so obtained has been found to be in 
agreement with the usual empirical rules of harmony con- 
cerning the use of chords. But of course the theory goes 
much further than these rules since it affords the means of 
comparing any two diatonic chords whatever. 

It should not be forgotten that in the use of diatonic 
chords the musical quality of individual chords may become 
a matter of minor importance relative to the other valid 
musical effects. 


IV 
HARMONY 


1. Tue ProsLem oF CHORDAL SEQUENCES 


HEN two chords of the diatonic scale, no matter how 

pleasing in themselves, follow one another without 
due regard to the progression of the various parts, the effect 
is unsatisfactory, and the sequence is unsuitable for musical 
purposes. For instance, if the dominant four-part chord in 
fundamental position G-g-b-d, be followed by the adjacent 
subdominant chord F-f-a-c, the sequence obtained is dis- 
agreeable notwithstanding the fact that both of the chords 
are highly satisfactory. Thus the varying esthetic quality of 
chordal sequences depends not only upon the esthetic fac- 
tors involved in the constituent chords but on other factors 
involved in the method of transition. 

The classification of such chordal sequences presents an 
important zsthetic problem, fundamental for harmony, 
which is much more complicated than that of the single 
chord. It is our aim to deal with this problem of chordal 
sequences from the point of view of zsthetic measure. 

For the sake of definiteness we shall confine attention to 
the important case of diatonic harmony in four distinct 
parts. The key will be taken as that of C major. 

We shall employ an arrow to indicate the direction of the 
progression; thus Ia— Vb would indicate a sequence in 
which the passage was from the tonic chord in fundamental 
position to the dominant chord in its first inversion. Use 

294 


Harmony 295 


_will sometimes be made of the double arrow >, as for 
ie instance I <— V, to indicate that the sequence may be 
taken in both orders. 


2. THe Metuop oF Atrack 


In order to obtain an zsthetic formula for chordal se- 
quences, we need first to obtain a suitable definition of the 
complexity C. Now it has been pointed out that the com- 
plexity C of all single chords must be regarded as the same. 
Evidently the complexity of all sequences of two chords 
must also be taken to be the same. For definiteness we adopt 
the value 1 for C. With this simplification the basic formula, 
M = O/C, reduces to the simpler formula: M =O. In 

_ other words the problem is reduced to the determination of 
the elements of order O involved in such sequences. 

We propose to attribute the total zsthetic effect to the 
individual effects of the chords together with the effect of 
the transition from the first chord to the second; thus, if 
m, and m, denote the zsthetic measures of the first and 
second chords respectively, as determined by the preceding 
theory, and if ¢ denotes the similar esthetic measure of the 
transition, we shall regard the zsthetic measure of the 
sequence WM as given by the sum of these three components: 


M=m+t+m 
The fundamental problem before us is that of specifying 
the transition measure t. 


3. FurtTHER LIMITATION OF THE PROBLEM 


It would be desirable to present a theory applicable to all 
chordal sequences whatsoever, or at least to all sequences 
in which the individual chords are regular. 
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Nevertheless it is proposed here to consider only those 
“regular chordal sequences” in which (1) the leaps in the 
individual voices are not excessive, and (2) the similarity in 
function of the voices is not too great. 

Of course it is in no way suggested that a slightly extended 
theory would not suffice to deal with all chordal sequences. 
Such a theory would include two further negative elements — 
of order, corresponding to excessive leaps and to excessive 
similarity. 

The arbitrary and fluidic character of the specific limita- 
tions which we state below must be strongly emphasized. 
In general, other things being equal, it is desirable that the 
leaps in the voices are not large and that the voices perform 
dissimilar functions. But, the moment any specified limita- 
tion of this kind interferes with free musical expression, it 
is to be ignored. 

Nevertheless the great body of classical music does 
observe such limitations. 


4. Tue LimitraTIon oF LEAPS 


The urgency for some limitation as to leaps is obvious. If 
the leaps are excessive, not only are the voices likely to fall 
outside of their natural compasses, but an unusual effort 
is required to make such a leap, and this affects the hearer 
unpleasantly. The step of a second or the leap of a third up 
or down is more easily made in general than a leap of a 
larger interval. Scarcely ever is an interval of as much as 
an octave used, and this ordinarily occurs in the bass. The 
rules to be stated presently are such as to take account of 
these and similar facts, and thus to insure reasonable ease 
of execution in singing the parts. 

Inasmuch as the bass part frequently occurs as the root 
of a primary chord, and the progressions between roots of 
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_ primary chords are mainly perfect fourths or fifths, up or 
down, the bass voice becomes used to these leaps. In fact, 
such a “‘harmonic step” in the bass voice is made almost as 
_ easily as a “melodic step” in the upper voices. The leap of 
an octave is also made frequently in the bass part in order 
to avoid a stationary note. 
- Inthe upper parts a leap of as much as an octave usually 
occurs only when the second chord is another position of 
the first. In this event there is greater ease of execution of 
the leap than there is when the chord changes. Only one 
leap of a fourth or more is agreeable in the upper parts 
when the chord changes, however, and if the bass leaps by 
as much as a sixth, no leap in the upper parts should be more 
than a third. 

In general, no part should leap by a dissonant interval. 
An obvious reason for this feeling is that the dissonant 
interval is unpleasantly suggested; a further and perhaps 
more important reason is that the consonant intervals are 
the ones of natural harmonic origin and are therefore more 
easily sung. 

There are, however, two exceptions. In the first place 
the interval of the diminished fifth (B up to F, or F down 
to B), which is only slightly dissonant and which is a pleas- 
ing interval, is tolerated. However, the equivalent aug- 
mented fourth (B down to F, or F up to B) 1s not allowed. 
The distinction felt may be explained as follows: both notes 
involved are harmonically related to one another because 
they are essentially overtones of the dominant; however, as 
an overtone of the dominant, the leading note is lower in 
position than the subdominant, and hence the interval is 
only tolerated when the notes are taken in this natural 


order. 
In the second place the leap of a minor seventh, from the 
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dominant up to the subdominant or vice versa is permitted — 
for a similar reason. This dissonant interval lies in the con- — 


stantly used dominant 7th chord. However, this leap only 
occurs in the extreme parts, since in the middle parts it 
leads to forbidden crossing of the voices. 

The reason why such crossing or overlapping of the 
parts is avoided is that any voice has a tendency to stop at 
a part just taken by another voice rather than to proceed 
beyond it. The effort required to resist this natural tendency 
is distinctly noticeable. 

Such are the usual limitations governing the leaps in 
the parts, and we shall embody them in the following simple 
rules: 

No part is to leap across a note just sounded in another 
part. When the chord does not change, there is no further 
restriction in the motion of the parts. 

Otherwise, at most one leap of a fourth or more is allowed 
in the upper parts, and this is to be less than an octave. No 
leap of more than a twelfth (octave plus fifth) is allowed in 
the bass. If the leap in the bass is as much as a sixth, no 
leap in the upper parts exceeds a third. 

Leaps are to be by a consonant interval, with the possible 
exception of a leap of a diminished fifth, or of a minor 
seventh to or from the dominant. 

One other requirement may be mentioned although, 
strictly speaking, it does not apply to a sequence of only 
two chords: if a part leaps by as much as a sixth in one 
direction, it is desirable for the part to proceed in the opposite 
direction of motion; obviously this reversal of direction 
relieves the unusual vocal effort involved. 

Such arbitrary rules are often successfully broken. But, 
inasmuch as we are confining attention to musical prob- 
lems with a definite allowance of means, it is permissible to 
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_ impose requirements which are generally observed in the 
_ large body of classical music. 


5. LimiraTION oF SIMILARITY OF FUNCTION 


The basic reason for some limitation of the similarity of 
function in two voices lies in the requirement of a homo- 
- geneous use of the voices in musical composition: either 
the voices should be similarly related throughout, as by 
successive octaves, or not so related anywhere in a musical 
composition. Thus distaste for certain types of similarity 
has taken definite form. 

The similarity between two voices varies with the degree 
of harmonic relationship between the notes involved and is 
enhanced by “similar motion,” when both voices rise or 
both fall. On the other hand, any similarity is much less 
marked in the case of contrary motion, and is felt to be less 
objectionable between the strong primary chords and in 
the inconspicuous middle voices. Such are some of the 
general considerations which have operated to determine 
the usual practice. 

The entirely explicit rules of Prout (P., pp. 25-33) are 
not formulated so that any associative basis for their 
curious structure is obvious. A nearly equivalent formula- 
tion, which aims to display the basic associative structure 
is as follows: 

Consecutive octaves and consecutive perfect fifths are 
forbidden in the case of similar motion (when there is almost 
complete identity of function). In the case of consecutive 
octaves they are allowed! by contrary motion between the 
primary chords with doubled primary notes (the best chords 
of all). In the case of consecutive perfect fifths it is required 
further that the extreme parts be not involved (because of 


1 Providing that the sequence is satisfactory otherwise. 
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the greater conspicuousness of the perfect fifth in these 
parts). 

Consecutive perfect fourths are only forbidden by similar 
motion when one part is in the (prominent) bass part (for 
the third above the bass and not the fourth is desired). 

Hidden octaves are forbidden when the voices move from 
a dissonant seventh or ninth to the octave (since the promi- 
nent dissonance is not felt to be properly resolved). Other- 
wise hidden octaves and hidden perfect fifths are forbidden 
only when in the (conspicuous) extreme parts. However, in 
case the second chord is a primary chord with doubled 
primary note (one of the best chords) they are tolerable as 
follows: in the case of hidden octaves, when both chords are 
primary chords in fundamental position and the upper part 
moves by step only (thus diminishing the similarity of func- 
tion since the bass leaps); and when the second primary 
chord is not in fundamental position (so that the octave in 
question does not involve the conspicuous root and bass of 
the chord); in the case of hidden perfect fifths, when the 
first chord is also primary and the upper part moves by 
step (thus diminishing the similarity of function since the 
bass leaps); and when both chords form a dominant sequence 
(and so lie practically in the same chord). 

We shall not attempt to show that these general implicit 
limitations are essentially coextensive with Prout’s entirely 
explicit rules. 


6. Tue Law or RESOLUTION 


It is necessary to recall one further important musical 
phenomenon before proceeding to enumerate the elements 
of order involved in chordal sequences, namely that of 
resolution of dissonance. 


1 The only case of this sort is iia —> Va with the third of iia in the soprano, 
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Music involving only consonant chords is lacking in inter- 


est to the modern ear. In fact dissonance, followed appro- 


priately by consonance, is a most important method of 
obtaining contrast. In classical music the extent to which 
such resolution of dissonance may be effected has been 
rather clearly defined. 

Let us consider a few very simple instances. 

The notes of the dissonant interval B-f are seen each to 
be only a semitone distant from these of the consonant inter- 
val C-e. If the interval B-f:be followed by the consonant 
interval C-e, the ear is satisfied and B-f is said to be “‘re- 
solved” on c-e. Similarly, when the dominant 7th chord 
G-B-f goes to G-c-e, with B-f moving to c-e as before, while 
G is stationary, V7 is resolved on I. Or if we take the inter- 
val of the minor seventh G-f of V7 and follow it by the 
interval G-e of I the dissonance is resolved on I by allowing 
the dissonant note F to move to the nearest note of the 
tonic chord, E, while the note G is held. 

Evidently in these examples, the dissonant notes of the 
chord move to the nearest positions of a consonant chord. 

On the other hand, if we take the interval of the ninth 
C-d and allow it to go to the octave C-c, the effect is not 
satisfying. Here the dissonant ninth moves to a dissonant 
note. If we allow the note d to rise to e the effect is im- 
proved but still unsatisfactory because of the harshly dis- 
sonant quality of the interval of the ninth. 

By comparison of various cases of resolution, these are 
found to obey a general “law,”’ which may be formulated in 
the following way. 

A dissonant chord goes to a consonant chord as follows: 
(1) a dissonant note of the first chord not found in the 
second chord goes to a nearest note of the second chord, 
which must not be a (dissonant) note of the first chord; 
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(2) if the particular note thus designated has been taken by 
the bass part, the note is free to move a step in the opposite 
direction; (3) the second chord must be the tonic, subdomi- 
nant, or submediant chord via in case the first chord is V7 
or its derivative viib!; in all other cases it must be the 
dominant, tonic, or submediant chord via. 

In connection with the requirement (2) we observe that 
the chord V7 and its derivative viib are too closely related 
to the dominant chord V to resolve satisfactorily upon V; 
furthermore, resolution upon the submediant via is permitted 
because this chord is felt to be a kind of substitute for the 
tonic chord; in fact via has two notes in common with the 
tonic chord and is indeed the fundamental position of the 
tonic chord in the related minor key. 

The manner of handling dissonance is not always to pass 
directly from a dissonant chord to a consonant chord. In 
fact sequences of dissonant dominant chords and of their 
derivatives are often employed in the following order: 


V13 — V11 — V9 > V, V7, Vib > I or via. 


Here some of the chords may be omitted, or the ending may 
be of the form V7->IV-—-I. This or any other logical 
sequence of dissonant dominant chords may be employed 
in a musical composition. In such a case the resolution is 
of course effected at the moment of passing to a consonant 
chord by the method prescribed in the rule. 


7. Tue ELeMent oF Reso.ution: R = 4, — 4 


We are now able to formulate briefly the various elements 
of order which (in our opinion) determine the zsthetic 
measure of transition, f. 

Let us begin with the element of resolution, R, which is 


1 We do not consider the chord viia which is not passable. 
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_ present when a dissonant chord proceeds to a consonant 
chord in accordance with the law of resolution of the pre- 
ceding section. 

We shall take R to have the index 4 if resolution is properly 
effected; if it is not so effected in a sequence of two such 
chords we shall take R to be —4, since the effect is very 
unsatisfactory. In any chordal sequence not of this type 
R is 0 of course. 

The index 4 seems to be that which rates this element 
suitably in connection with the indices used in the zsthetic 
measure of the single chord. This means that the element R 
in the transitional effect is rated as about equally important 
with that of the effect of a single good chord (m = 4 or 5). 


8. THe CapENTIAL ELEMENT: C/] = 4, —2 


*“Cadence” may be regarded as a very mild form of resolu- 
tion. For example, if we pass from the dissonant dominant 
seventh to the tonic, V7 — I, there is definite resolution. If 
we pass from the closely related consonant dominant to the 
tonic, V— I, a similar cadential effect is felt. The two 
fundamental forms of cadence are the above so-called 
“authentic cadence” V — I and the less frequent “plagal 
cadence” IV— I. The authentic form is usually found at 
the end of a musical composition; the plagal form is also 
employed, but much less frequently, as in the familiar Amen. 

By a “‘cadential sequence” we shall mean, however, not 
only sequence of these types V > I, IV > I but also certain 
obviously analogous sequences, which we proceed to 
enumerate. 

In the first place, the submediant in fundamental posi- 
tion, via, may be regarded as a kind of substitute for the 
tonic chord (see the preceding section). Thus the sequence 
V — via is the frequently used “interrupted cadence” and 


304 Mathematical Theory of Aesthetics 


has a definite cadential effect. Similarly the chord on the . 
leading note viib functions in many instances as V7 (V) so 
that the sequences viib I, via are felt to be cadential. 


In the case viib > via, however, when neither chord is 


primary, the leading note of viib must go to the tonic of via 


for a satisfactory cadential effect to be produced. 

The cases so far enumerated have the authentic cadence 
V — I for their prototype. There is one more of this gen- 
eral character, namely the sequence from mediant to sub- 
mediant, iii > vi, for this functions as the authentic cadence 
in the related minor key. 

In the case of the less important plagal cadence, the only 
analogous form felt to have cadential quality is that of the 
related minor key, ii > vi. 

We shall regard all of these types of sequences as caden- 
tial, and the corresponding cadential element of order C/ 
will be given the index 4, the same as the index for the 
element of resolution R. 

Moreover we shall regard the same types of sequences, 
taken in the reverse order, as cadential, so that C/ is 4 in 
these cases also. 

The question may be asked as to why the inverted order 
is allowed here, although these are not ordinarily considered 
to be cadential. This may be explained in part as follows. 
The plagal cadence is equivalent to an inverted form of the 
authentic cadence as far as the intervals involved are con- 
cerned; this reversibility extends by association to the other 
forms. 

It remains to refer to two other cases when an unpleas- 
ant or false cadential effect is produced. In the first case the 
leading tone goes to the tonic (71) in an extreme part, as 
usually happens in the fundamental direct form of authentic 
cadence V-+I, and yet there is no cadence of the above 


‘at 


m 
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named types; under these circumstances there is a feeling 


of disappointed expectation. In the second case, IV in 


fundamental position goes to the related tonic minor via 
in fundamental position; thereby a plagal cadence IV > I 
is suggested, but the éwo common notes of IV and vi negate 
the cadential effect so strongly that the effect is again one 


_ of disappointed expectation. 


Thus the final types of positive cadential sequences are 
the following: 

Vevtib*—> 1 vias 3 1 in-viib' — via); 1 V1; 

ENS oti s iia a9 by 

For these, CI is 4. 

The two types of false or negative cadential sequences 
are the following: 

7 — 1 in extreme part but without cadence, 

IVa — via, 

For these, C/ is —2. 

In any other case CI is taken to be 0. 


9. THe ELEMENT oF DoMINANT SEQUENCE: D = 4 


In the classification of dominant chords V, V7, V9, V11, 
V13, it has been seen in the preceding chapter that certain 
forms of these are to be regarded as passable. When a 
sequence of two of these are heard, they are pleasantly 
united by a common dominant quality whose importance 
is obvious. 

Moreover certain consonant chords besides V may be 
imbued with dominant quality. The principal consonant 
chords of this kind are: viib, which may be regarded as 
a derivative of V7; ii, as a derivative of V9; and ii as a 


derivative of V13. 
It is to be noted that the first inversion of 11 has the 
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dominant in the bass and in its only passable form has three 
of its four notes in the dominant chord. | 

However in the sequence V7, viib — V there is little or 
no sense of dominant sequence since viib appears naturally as 
part of the slightly dissonant V7 which includes V and calls 
for resolution on the tonic chord. On the other hand 
V = V7, viib forms dominant sequences since V7, viib extend 
beyond V. 

Moreover, whenever the chord viib comes first, its weak 
dominant character is not felt when it is followed by ui, i. 
Likewise a sequence ii <— iiia is not felt to have dominant 
quality since ii is not strongly dominant and ula is scarcely 
recognized as dominant. Under such circumstances the 
element of dominant sequence 0 is taken to be absent 
(Doe 0). 

In case ii comes first in i1— V, viib, the submediant 6 
must proceed to the adjacent 5 or 7, as in the resolution of 
V9. Likewise if 111 comes first in 111 — V, viib, the mediant 
3 must proceed to the nearest available note 4 or 2; and 
in case ili is in its weak dominant position iia, the note 3 
must be in the soprano (as in the case of V13) and must 
proceed to the nearest note as in a resolution of V13. If these 
additional conditions are not satisfied D is taken to be 0. 

Hence, subject to the further conditions just stated, we 
regard the element D of dominant sequence as present in 
any sequence of two chords i, i, viib, V, V7, V9, V11, 
V13, excepting viib > ii, iii, V and ii <> iiia. 

Under these circumstances D is taken as 4, and other- 
wise as 0. 


10. THe ELements SF = 4 anp RF = 4 


In passing from one three-part consonant chord in closest 
possible position to another, there are certain special cases 
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-in which the transition is unusually smooth. These are 
those in which certain undesirable contingencies are avoided, 
namely (1) stationary bass or soprano, (2) forbidden cross- 
ing of the parts, (3) forbidden consecutive perfect fifths, 
(4) second inversions, which are only passable for the 
_ primary chords. 
- An examination of the various possibilities is easily made. 
If, for example, we designate root, third and fifth of the 
first chord as 1, 3, 5 we find the only following five general 
possibilities: 
3-5-1 — 4-6-2, 5-7-3, 2-4-7, 1-3-6; 1-3-5 — 2-4-7 
Hence such ‘“‘close harmony” arises in the case of successive 
first inversions in which the root falls or rises by one or 
two steps (FF), and also when the first chord in root posi- 
tion is followed by a first inversion with root falling one 
step (RF). In the first case we say that the element FF is 
present, and in the second case that the element RF is 
present. Both of these elements are given an index 4. 

It will be found that the usual rules are consistent with 
the assignment of definite zsthetic value to these special 
types FF and RF of root progressions. 

The smoothness of a chordal progression /F may be veri- 
fied by playing an arbitrary set of first inversions in which 
the root steps or leaps two steps as one desires. The type 
RF is equally smooth but does not admit of continuation in 
such a progression because there is no means of returning 
to fundamental position, once it has been left. 


11. Tur ELEMENT oF Procression: P = 2,0 = 2 

If, in passing from the first chord of a sequence to the 
second, it is possible to ‘‘borrow” a note of the first chord 
as a consonant part of the second, the transition from one 
to the other is felt not to be unnatural. 


. 
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If two or more notes can be so borrowed, there is felt 
to be a sense of positive harmonic progression in passing — 
from the first chord to the second; for the anticipation pro- 
voked by the first chord is then fulfilled in a suitable manner. — 

Since V is so closely associated with viib, through V7, it is 
also permitted to borrow the dominant note for use in vb. 

Moreover an effect of melodic progression is obtained 
when the two chords have no notes in common provided that 
each note of the first chord proceeds to a nearest note of | 
the second chord, except in so far as the bass or an adjacent | 
note or an octave of this note has proceeded to such a 
nearest note, in which case the note is free to move a step in 
the opposite direction. Furthermore the tonic may leap 
a third in this direction, and a note freed by its octave may 
move freely in the same direction. 

In all of these cases P is taken to be 2, provided the first 
chord does not resolve on the second. 

Otherwise, if there is resolution, or if the sequence is 
dominant, or if one and only one note can be borrowed, P is 
taken to be 0. 

In every other case the two chords appear as unrelated 
and P is taken to be —2. 

In illustration of progression value P, we may consider 


the following sequence of chords I > IV > vii => iii > vi > 
i— VI. 
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_ This sequence conveys a sense of harmonic progression, 
whereas in the reverse order, all sense of progression dis- 
“appears. - 

_ This evaluation of the progression value P seems to be 

_ satisfactory. 

The simple positive elements R, Cl, D, FF, RF and P are 
all of unquestionable zsthetic importance. These are the 
only positive elements which we shall take account of in 
our theory. The remaining elements are all negative in their 
zsthetic effect. 


12. Tue Necative ELemMent: FR = 4 


If the first chord is a first inversion and the second chord 
is in fundamental position while the root falls one step, the 
effect is in general unsatisfactory. 

In fact this is the only type of root progression which, if 
executed in “‘close harmony,” by three voices, requires two 
forbidden crossings of the voices and gives rise to chords 
without common note of connection. 

For such a sequence we take the element FR to be 4; in 
any other case we take FR to be 0. 

This element is in part recognized by Prout in his rule VJ 
of root progression (p. 30): “As a general rule, whenever 
the root falls a second, the second of the two chords should 
be in its first inversion.” In other words, the progression 
is to be of the type FF or RF, and not of the type FR 
or RR. This statement, clearly in agreement with our 
statements above: for the elements FF and RF have 
been taken as to be positive, while /R has been taken to 


be negative. 


1See D. Tweedy, Manual of Harmonic Technique, Boston (1928), p. 106. 
2 That is, a sequence of two fundamental positions with root falling a second. 
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13. THe Necative ELveMenT oF THE MepiantT: M=2, 4 


In the hierarchy of the fundamental triadic chords, the - 
mediant chord is generally felt to occupy the least favorable 
position. For, among these chords, the dominant and sub- 
dominant chords, being of the same constitution as the — 
central tonic chord are felt to be “primary”; furthermore 
the leading tone chord and the supertonic chord are domi- 
nant enough in quality as to be felt to be related to the | 
primary dominant chord; and of the two remaining chords — 
(the mediant and submediant), the submediant fulfills the 
important function of substitute for the tonic chord itself. 
Thus the mediant chord, of doubtful dominant quality in 
its fundamental position and having no special function, is 
felt to be of dubious value. 

For some such reason the presence of the mediant chord in 
a chordal sequence produces a wellknown unfavorable effect. 

On account of this fact the negative element of the 
mediant, Mz, with index 2 will be generally attached to any 
chordal sequence in which the mediant chord is present; 
in certain exceptional cases, specified below, the index 4 
will be assigned. 

Furthermore, in case iii is not present but the charac- 
teristic first and third of vi and iii appear in the first and 
second chords respectively while the bass leaps either from 
6 or to 3, or does both, all as in a characteristic cadential 
passage from vi to ill, we also take Mz to have the index 2. 

The reason for this is obvious: under these circumstances, 
the mediant chord is strongly suggested even though it is 
not actually present. 

However, if iii is present and at the same time the pre- 
ceding conditions are met, we take Mz to have the index 4, 
since the chord iii is then still more strongly suggested. 
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_ Finally if there is a passage from the mediant chord in its 

4 fundamental position to the central tonic chord in funda- 
mental position, there is a strong effect of disjunction so 

_ that Mz is also assigned the index 4 in this case. The 
inverse passage la — iiia, starting from the firm funda- 
mental position of the tonic chord, does not produce a 
‘similar unfavorable effect. 


14. THe NecativE ELEMENT oF THE Leapinc NotTE: 
LN = 2,4 

As its name indicates, the leading note has a distinct tend- 
ency to move to the adjacent tonic note and, in a lesser 
degree, to the adjacent submediant which is the tonic 
of the related minor chord. Hence, if the leading note 
appears in the first chord but is not contained in the subse- 
quent chord, and does not step to one of these adjacent 
notes, there is a definite feeling that the leading note has 
not been properly dealt with. 

Moreover whenever the leading note leaps more than a 
third or is transferred from any part of the first chord to the 
bass of the second chord, the same feeling arises. 

Again, in case the leading note is present in both chords, 
thus strongly suggesting a dominant sequence (note that 
iii, V and viib are dominant), while the sequence is not 
dominant in point of fact, the leading note is felt to be 
particularly out of place. 

Thus we assign to the negative element of the leading 
note, LN, an index 2, except in the last case when we assign 


to it an index 4. 


15. Tue Necative ELEMENT OF STATIONARY NOTES: 
SN. = 2,4 
When an extreme part is held in a sequence of two chords 
the effect is monotonous. Even if the bass rises or falls an 
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octave the effect remains much the same. A similar dis- _ 
pleasing effect is felt when two inner voices are held, or 
when one inner voice is held and the leading note is left by 
one voice and taken again by the adjacent voice. 

Furthermore, if two of the voices are interchanged in 
position, as C and E going to E and C respectively, a similar 
unfavorable effect is produced. 

In these cases we shall say that the negative element of 
stationary notes SN is present and give SW an index 2 or 4, 
according as two parts or more than two parts are involved. 

However we do not allow more than two voices to be 
actually stationary, and exclude the case of stationary bass 
and soprano voices, since chordal sequences are unsatis- 
factory under these circumstances. 


16. Tue NecGaTIveE ELEMENT oF Dissonant Leap: DL = 2 


The dissonant leap of a diminished fifth or of a minor 
seventh to or from the dominant although allowable, is not 
in itself agreeable, since the voice moves more naturally by 
a consonant interval than by a dissonant one. 

In the case of such a dissonant leap we introduce a cor- 
responding negative element of order DL of index 2. 


17. Tue Necative ELEMENT oF Stmi1tar Motion: SM = 2 


If all the parts move up or if all move down, there is an 
undesirable effect of similarity of function produced by 
the similar motion, to which corresponds the last negative 
element SM with index 2. 

It is usually possible to arrange chordal sequences of a 


given type so that not all the parts move in the same 
direction. 
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18. THe Necative ELEMENT oF Bass Lear: BL = 4 


If the perfect fourth above the bass is a note of a chord, 
the chord is in its second inversion and if felt not to be in 
normal position, since in normal position the third and not 
the fourth above the bass is found in the chord. In conse- 


~quence the bass voice moves readily to the bass of such 


a chord only by step or by leap from a fundamental position; 
and it leaves such a chord position readily only by step. 

In consequence, if a chord of this kind is approached or 
left by leap, but not from a fundamental position, the 
negative element DL is taken to be present and is assigned 
the index 4. 

This completes our list of negative elements of order: 
FR, Mt, LN, SN, DL, SM, BL. All of these deal with 
negative zsthetic factors whose importance is scarcely 
questionable. 


19. RECAPITULATION OF DEFINITION OF M For CHORDAL 
SEQUENCES 


The zsthetic measure of a regular sequence of two chords 
is defined as the sum of the zsthetic measures of the two 
constituent chords m, and mz and of the transition value ¢: 


M=m+m +t. 
The transition value ¢ is the sum of the following ele- 
ments: 
The Element of Resolution: R = 4, —4 
The element R is 4 when a dissonant first chord resolves 


on a consonant second chord, in accordance with the rule 
of section 6. If this resolution is not effected, R is —4. 
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The Cadential Element: Cl = 4, —2 


The element Ci is 4 if the sequence is of one of the fol- 
lowing types: 

V, vib <— I, viai(7 <> Lin vib > via); 1h 
Veal; ii twa 

The element C/ is —2 in the following types of sequence: 

7 —> 1 in extreme part, but without cadence as above, 
IVa — via. 

Otherwise CI is 0. 

This element C/ is not counted if R is counted. 


The Element of Dominant Sequence: D = 4 


oe fee 


viib, V, V7, V9, V11, V13, with viib — 11, ii, V and ii > 
ilia excepted. 

In the non-excepted cases D is taken as 4, at least if the fol- 
lowing further requirements are satisfied: in the sequences 
ii > viib, V; 111 > vib, V, 
the mediant in 11 and the submediant in ii move by step; 
in iia — V the mediant must be in the highest part of ilia. 

For all other cases D is taken to be 0. 


The Elements SF and RF; SF = 4, RF = 4 


These elements SF and RF are present respectively when 
there is a sequence of two first inversions in which the bass 
moves up or down one or two steps, and when a fundamen- 
tal position is followed by a first inversion with the root 
falling one step. 


The Element of Progression: P = 2,0, —2 


The element P is 2 if two notes of the first chord can be 
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., “borrowed” as consonant notes for the second chord. The 
_ borrowing of a dominant note for use in viib is permitted. 
_ The element P is also 2 when no notes of the first chord can 
_ be so borrowed, provided that each note of the first chord 
goes to a nearest note of the second chord except in so far 
as the bass note or an adjacent note or an octave of this 
note has proceeded to such a note, in which case the first 
note is free to move a step in the opposite direction; more- 
over the tonic is allowed to move a third, and the motion 
of a freed octave in the opposite direction is unrestricted. 

Otherwise the element P is 0 if one consonant note only 
can be so borrowed or if there is resolution or if the sequence 
is dominant; P is —2 in every other case. 


The Negative Element: FR = 4 


The sequence involves a first inversion followed by a 
chord in fundamental position, with the root falling one 
step. 


The Negative Element of the Mediant Chord: Mt = 2,4 


The element M¢ is 2 if iii is present but the sequence is 
not of the types: itia— Ia or 6, 1, *—> 3, 5, * with bass 
leap from 6 or to 3, or both; also if i is not present but 
the sequence is of the second type: Mz 1s 4 if 1 is present 
and the sequence is of one of these types. 


The Negative Element of the Leading Note: LN = 2,4 


If the leading note leaps and is not found in the second 
chord, or leaps more than a third, or is transferred to the 
bass, LN is 2. If the leading note is in both chords of a 
non-dominant sequence LN is 4. 
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The Negative Element of Stationary Notes: SN = 2 


The element SN is 2 if an extreme part or two parts are 
held stationary (inclusive of a leading note taken and left 
by adjacent voices) or interchanged. 

If three parts are involved in this way, SW 1s 4. 


The Negative Element of Dissonant Leaps: DL = 2 


One or more of the parts leap an allowed dissonant inter- 
val (section 4). 


The Negative Element of Similar Motion: SM = 2 


All of the parts move up or down, but not in the same 


chord. 
The Negative Element of Bass Leap: BL = 4 


The sequence contains a second inversion which is 
approached or left by leap but not from a fundamental posi- 
tion of the first chord. 


20. COMPARISON WITH PRouUT’s CLASSIFICATION 


Fortunately the zsthetic classification of all possible 
types of chordal sequences has been effected empirically; 
for instance, in Prout’s Counterpoint; Strict and Free! a 
table of sequences involving the fundamental positions and 
first inversions of the triadic chords, is given. These are 
rated by Prout as “‘good,” “possible,” and ‘‘ bad.” 

It is essential of course that the result of our theory be in 
fair agreement with these tabulated results which are the 
results of observation and experience. Indeed I have used 
this table as a basic aid in the esthetic analysis of chordal 
sequences. 

1 Third edition. 
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In order to effect the comparison of Prout’s table and our 
own results, the best positions of all the possible 144 types 
of chordal sequences involving the fundamental positions and 
first inversions of the triadic chords have been determined 
on the basis of the definition of zsthetic measure given 
above. These results are entered in the table at the end of 
this section as follows: at the head of each column appears 
the zsthetic measure; the chordal sequence in question is 
entered by means of the figures 1, ... 7, for the respective 
roots, these being written in Roman or italic form according 
as a fundamental position or first inversion is indicated. 
Thus 47 would symbolize [Va > vib. 

It will be seen that there is complete agreement as far as 
could reasonably be expected, with M less than 6 and 
greater than 9 corresponding generally to the ‘“‘bad” and 
*“‘sood”’ sequences respectively. 

As Prout remarks in this connection (p. 30) “the words 
‘good,’ ‘possible’ and ‘bad’ must not be taken as more 
than mere approximations.” 

In explanation of the zsthetic measures of the list, it 
should be remarked that in two cases (36 and 67) a chord of 
measure only 1 was used in order to secure harmonic pro- 
gression; strictly speaking, only chords of measure at least 
2 are to be employed. Furthermore in the sequences 3 7, 5 7, 
the second chord is regarded as the second inversion of V7 
rather than as viib, since the dominant is borrowed from the 
preceding chord, and thus the negative element BL = 4 is 
attributed to these two sequences of the list. 


21. GENERAL REMARKS 


The above theory provides a method of theoretic com- 
parison of all possible regular chordal sequences, such as 
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would be entirely impossible by means of any set of empirical _ 
negative rules, like those found in Prout (Joc. cit.). 4 

The substantial agreement of the theoretical ratings with 
Prout’s table, together with the fact that the theory is based 
on familiar and verifiable elements, weighted in a simple way 
seems to me to furnish conclusive evidence in support of 
the general correctness of the theory. In fact no unfounded 
theory of this kind could hope to rate correctly 144 types 
of chordal sequences without important exception, any 
more than a simple cryptogram could apply to an arbitrary 
collection of 144 letters. 

Undoubtedly the above theory could be considerably 
improved. However, I doubt whether any modification 
which takes account of more recent musical forms can be 
made as yet, since these forms have not become sufficiently 
well established. Indeed it is entirely conceivable that clas- 
sical harmony will remain a permanent convenient norm 
from which interesting stylistic sallies are made in many 
directions, but to which there will be a tendency to return. 
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7EstueTic Measure M 
AND Prout’s RATING OF CHORDAL SEQUENCES 


Prout’s 


Rating Bad Possible* 


Pegs 1 io 2S) 4°56 Jos 10 
Betis 4 49 L523 21915" 13" 126 92 

13 23:21 31 O82 19" 16 

31 34 36* 24* 16* 27% 24 

34 32.26" 25* 23* 26® 26 

35 37 61* 31* 22* 36® 26 

43 52 64* 34* 26* 32* 23 

63 O1* 95*. 368 S48 37, 

65 63" 42* 35* 31* 42 

12 53" SO" 46*°47 


Good 
11 12 13 14 15 16 17 18 


12 1415 14 15 14 
16 15 25 14 65 17 


74* 63* 35* 438 43* 52 54 


75* 45® 56* 45 


fon 46* 62% 4/* 56 71 


42* 6[* 5] 
47* 64* 62 
54* 72° 64 
Jor 67 
53° 76 
638 
61* 
67* 
62 
76® 
74* 


2d 32.28 15 

25 4/7 41 57 

21 45 53 54 

2441 56 

25 45-4 57 

42,52... 51 

4653 65 
71 

56 57 

62 

64 

65 


51 


ous. 


ive 


The figures indicate the roots (1 = tonic, etc.): Roman 
for fundamental position, italic for first inversion. Thus 14 
stands for la— IVb. For M between 5 and 10, superscripts 
b and g indicate ‘‘bad” and “good” respectively, according 


to Prout. 


V 


MELODY 


1. INTRODUCTION 


ITHERTO our attention has been devoted to the 

problem of harmony. The equally important prob- 

lems of melody and rhythm remain for consideration. We 

shall concentrate our attention upon melody, although we 

shall find (section 13) that rhythm is fundamentally a 
special kind of melody. 

No attempt will be made to state any theory of the struc- 
ture of actual music as dependent upon combined harmony, 
melody, and rhythm. The simplest and most natural con- 
jecture would be that the esthetic measure M of any musical 
composition is given by the ratio O/C, where C represents 
the number of notes which enter as melodic constituents and 
O is the sum of the elements of order of harmonic, melodic, 
and rhythmic types, these being appropriately weighted. 


2. Tue Prospiem or MELopy 


In order to separate melody as much as possible from 
harmony and rhythm, we shall limit attention to simple 
melodies in one part, made up of 8, 16, 32, 64 or 128 notes, 
divided into measures of four notes each. In each measure 
the first and third notes are to be thought of as theoretically 
accented. Furthermore we shall exclude the use of the minor 
mode and of modulation, by requiring that all of the notes 
are those of the ordinary diatonic scale. 
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Despite these stringent limitations, the majority of well- 
known melodies may be reduced to this form, or to a like 
form in three-part instead of four-part time. In the first 
place most melodies have one dominant melodic part, 

usually the soprano, which may be taken as the essential 
equivalent simple melody. In the second place rhythmic 
-and ornamental effects may be eliminated by retaining only 
the proper principal notes, although frequently this can be 
accomplished only with definite diminution of musical 
effectiveness. Moreover if the melody be longer than 128 
notes, there will usually be some shorter characteristic part 
which underlies the entire melody. 

Although we only consider four-part time, it is obvious 
that the theory here put forth tentatively can easily be 
extended to other types such as three-part time. 

For these reasons the basic problem of melody can be 
reduced to the following typical simplified form: 

Given a simple melody in four-part time of 8, 16, 32, 64 or 
128 equal notes of the diatonic scale, to determine a suitable 
measure of the complexity C and of the elements of order O, 
such that the ratio M = O/C furnishes a suitable esthetic 
measure of the melody. 

It is obvious that the number of notes of the melody gives 
a suitable measure of the complexity C; of course a note 
which is held is to be regarded as a single note. Thus the 
essential difficulty in the problem of melody lies in the 
effective determination of the elements of order O. 


3. THe ROLE or Harmony 


A simple (Western) melody is always enjoyed as if it 
possessed an accompanying harmony, at least to the extent 
that each of its notes is construed to lie in some definite 
chord. In case the melody is derived from a musical composi- 
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tion this harmonization coincides with that known through © 
the composition. 

On the other hand, if the melody is known simply as a 
tune, a simple automatic mental harmonization will be at-_ 
tached to it. The general law of this automatic harmoniza- 
tion is that it is accomplished by means of chords which are — 
modified as infrequently as possible, with preference for 
chordal sequences with high esthetic ratings. Furthermore, 
in so far as possible the chordal sequences of the alternate 
accented notes should have the same characteristics; the 
sequence of these accented notes forms what we shall call 
the “secondary melody.” 

In what follows, therefore, we shall assume that the notes 
of the melody are construed as lying in definite chords. 


4. THe QuESTION OF PHRASING AND COMPARISON 


Just as a poem is expressed in lines, so any melody is 
arranged in musical phrases, often of equal length, which are 
terminated by a sustained note or an equivalent rest. 

Various types of musical phrasing have come to be used 
just as various types of linear arrangement and rhyming 
schemes are used in poetry. The simplest type is that in 
which the melody is divided into four phrases of equal length. 
This will be the case in most of the illustrations which we 
shall use, but the theory applies equally in more compli- 
cated cases. 

In consequence we shall suppose that any melody under 
consideration is taken in its usual phrasing. The general 
character of such phrasing is that the whole melody falls 
into a certain number of major coordinate parts, each of 
these in turn falls into a number of smaller coordinate 
parts, and so on until the individual phrases are reached. 
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These different types of parts are comparable to the canto, 


‘stanza, and line in a poem. 


One of the especial advantages of musical phrasing is that 
it brings out certain comparisons by similarity or contrast 
between various parts. Presumably the best phrasing and 
interpretation is that which brings out most clearly the 
relations of order which exist in the melody. 

We shall not attempt to deal with the question as to why 
one type of arrangement of comparable phrases is more used 
than another. To do so would be futile, because the accepted 
forms are largely designated by pure convention; the same 
kind of arbitrariness prevails in the selection of forms of 
verse. 

One might indeed attempt such an analysis. For example 
one might ask why the type of phrasing, 44B4, is pre- 
ferred to 4B4 4; here A represents one phrase and B repre- 
sents a contrasting phrase. Evidently the first arrangement 
fixes 4 firmly in mind so that the contrast of B with 4 is 
clearly defined. In the second arrangement this contrast is 
less clearly defined of course and the two final 4’s seem 
repetitious, since the true function of the concluding 4 is 
only to effect a return to the starting point. Evidently such 
an analysis, however valid, falls within the domain of 
“qualitative” rather than of “quantitative” zsthetics. 

For these reasons we shall prescribe the musical form used 
as being established by convention. 

However, there seem to be certain simple principles 
which may be stated in this connection: 

Any part B made up of one or more phrases may be com- 
pared by similarity or contrast with at most one coordinate 
preceding part 4. When, however, the part B has been 
compared with such an earlier phrase, no subsequent phrase 
which starts with the same first measure as B is to be com- 
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pared to this same earlier 4. Within the limits of a single — 
phrase, the second measure may be compared with the first, © 
the second two measures with the first two, or the second 
half of the phrase with the first half. 

The types of comparison just mentioned are the ones which 
we shall take account of. They are the principal types which — 
enter into the simple melodies under consideration here. It 
is hardly necessary to remark that the trained ear appreciates 
much more elaborate and subtle forms of comparison in com- 
plicated musical structures. 


5. Limitation oF Leaps 


Little effort is required when the voice repeats a note 
or moves by a step upwards or downwards. In a similar 
way a sequence of notes in a single consonant chord is 
readily sung provided that the voice does not leap more 
than an octave. 

There remain, however, certain types of leaps which are 
generally avoided in simple melodies. The principal rules 
of limitation will be formulated as follows: 

Dissonant leaps other than a diminished fifth and a minor 
seventh in V7 are forbidden. Two successive leaps in the 
same direction must either lie in a consonant chord or in a 
7th chord; in the latter case the total leap must be a seventh 
upwards and the following note must fall a step as in a reso- 
lution. Any leap of more than a fifth is to be approached 
and left in the direction opposite to that of the leap. After 
two or more steps in one direction a further leap in the same 
direction must be to an accented note.! 

These rules are essentially empirical ones based on existing 
practice. Their reasonableness is obvious. 


1Cf. Prout, Harmony: Its Theory and Practice, p. 23. 
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6. PREPARATORY ANALYSIS oF A BEETHOVEN CHORALE 

fh 

_ Let us attempt to specify the principal elements of order 

_as they appear in a classical melody, for instance in the 
chorale from the fourth movement of Beethoven’s Ninth 
Symphony. In the notation already employed the melody 
‘may be written in the following form: 


3345 5432 1123 3222 
3345 5432 1123 2111 
2231 23(4)31 23(4)32 1255 
3345 5432 1123 2111 


In the above notation the following simple conventions 
are employed: a parenthesis above a repeated note indicates 
that the note is held; a period above a note indicates that it 
is lengthened so that the following note is reduced to an 
eighth note; a dash above or below indicates that the note 
is an octave above or below the principal octave; a note in 
parenthesis is one which appears in the complete melody but 
is treated as an embellishment in the formal analysis. 

Evidently there are four phrases of four measures each in 
the above melody of which the second is to be compared 
with the first, the third with the second and the fourth with 
the second. In fact the form may be indicated as follows: 


eet ek VAI 


where the first, second and fourth phrases 4 are essen- 

tially alike save that the first of these has a dominant close 

(V) while the other two phrases have a tonic close (I). 

The sharply contrasting phrase B has a dominant close (V). 
This is a commonplace type of song form. 
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Let us make an analysis of this melody by successive © 
measures. In doing so various types of elements of order 
will be brought to light. The reader who wishes to see the 
complete rule for each item counted is referred to the imme- 
diately following section 7. 

The first note is the mediant which is in the tonic chord. 
Now it is a wellknown fact that most musical compositions 
commence in the tonic chord and thus define the tonality. 
If this expectation of the tonic chord is fulfilled, the fact is 
appreciated by the ear.! In the case at hand this first ele- 
ment of tonic start is present and we assign to it a value 1 as 
far as the first note is concerned. 

The second note is also in the tonic chord so that we add 
1 more for tonic start on that account: the third note is not 
in the tonic chord. This gives a complete count of 2 for 
this element of order. 

Furthermore the second note repeats the first. By taking 
account of this element of direct repetition, for which we 
assign a value 1 also, we obtain then the count of 3 in all 
for the first two notes. 

The last three notes of the first measure form a melodic 
sequence. Since the sequence is not established for the 
ear until the second note is heard, we assign a value 1 to 
each of the last two notes for this element of melodic 
sequence. 

We have now exhausted the obvious relationships of order 
in the first measure. There remains, however, another 
element of harmonic contrast of a more subtle type. When 
three notes of a measure lie in a consonant chord, while the 
fourth one does not lie in that chord, a pleasant harmonic 


1In his interesting thesis The Réle of Expectation in Music (New Haven, 1921) 
A. D. Bissell has found that in over 96% of a large number of typical cases the 
melody does commence in the tonic chord. 


Melody 327 


contrast is secured between the notes of the measure. In 
the case at hand three of the four notes are in the tonic chord. 


“Hence we assign 2 for this harmonic contrast in the first 


_measure, counted 1 for each of the last two notes. 


Thus the total count for the first measure is 7. 

The second measure starts off with the repetition of the 
preceding dominant note, which adds a count of 1. The 
four notes of this measure form a falling melodic sequence, 
for which there is a count of 3 (one for each note after the 
first). 

The first three notes of this measure evidently constitute 
an exact inversion of the last three notes of the first measure. 
We add a count of 3 for this element of inversion, 1 for 
each note involved. 

Moreover the middle two notes of the second measure 
5432 stand in melodic contrast with the corresponding notes 
of the comparable first measure 3345 (see section 4) from 
which they differ by step. Hence we assign a count of 2 
for each of these notes. 

Consequently there is a count of 11 in all for the second 
measure. 

In proceeding to the third measure we observe first that 
the first note continues the melodic progression for which 
we add a count of 1; the second note repeats the first and a 
preceding accented note is repeated, which gives a further 
count of 2 for repetition; the last three notes form a melodic 
sequence for which there is a count of 2; all of the notes 
but the second are in the tonic chord, for which there is a 
count of 2 for harmonic contrast; and since the repeated 
tonic 1 has not appeared before in the first measure (the 
two halves of the first phrase are comparable) there is a 
count of 2 for melodic contrast. 

The new element entering in the third measure is that of 
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transposition, for obviously the third measure is a precise — 
transposition of the first and is felt as such. We add a count — 
of 4, since four notes are involved in the comparison. . 

Hence the total count for the third measure is 13. 

In the fourth measure the transposition continues for 
two notes more (1)!; the first note repeats the preceding (1); 
an accented note of the preceding measure is repeated (1); 
the first two notes form an inversion of the two preceding 
notes (2), the last (held) note repeats its predecessor (1); 
all but one of the notes are in the dominant chord (2); the 
third note contrasts melodically with the third note of the 
comparable second measure (1). 

Furthermore there is a count for cadence of 1 in the final 
note, since there is a half-cadence in the closing dominant 
chord of the first phrase. 

Accordingly the count for the fourth measure is 10. 

In proceeding to the fifth, sixth and seventh measures — 
which repeat the first three, we note first an element of 
order of 1 for each note because of this exact repetition. 
Otherwise, aside from the element of tonic start (2) which 
is lost here, and the element of repetition of a preceding 
accented note (1) which is gained, the count is the same as 
before. 

Hence the fifth, sixth and seventh measures give a count 
of 10, 15, and 17, respectively. 

The eighth measure yields a count of 13 as follows, with- 
out reference to the first four measures: repetition (3); 
melodic sequence (2); harmonic contrast (2); inversion (2); 
melodic contrast (4). Moreover there is an authentic 
cadence (passage from the dominant to the tonic chord) at 
the end of the second phrase; this is counted as 2 more. 


1 That is, counted as 1. It is not counted as 2 since no transposition counts 
for more than 4 in all, according to our rule. 
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Thus the total count for the eighth measure is 18. 
In this way we obtain a total count of 41 and 60 in all 
for the first and second phrases, respectively, and so of 101 


for the first half of it, an average of about 3.4 for each 
_ of the 30 notes involved. 


If we count the third phrase in the same way, we obtain 
a count of 47 in all. Here the strong melodic contrast 


with the comparable first phrase is to be observed, for 10 


of the 16 notes involved are in such contrast with the cor- 
responding notes of the first phrase. Furthermore the 
approximate direct repetition of the first measure by the 
second and of the second measure by the third (all but one 
note the same in each case) yields a count of 3 + 3 = 6 for 


this kind of direct repetition. 


The fourth phrase is identically the same as the second 
with which it is naturally compared, since the first half of 
the melody is coordinate with the second half. Of course 
this phrase is not to be contrasted with the third phrase 
because this has already been used for the same contrast. 

The first three measures of this concluding phrase yield 
the same count as the corresponding measures of the 
second phrase except that there is a loss of 1 since the first 
measure contains no accented note of the preceding measure. 
Thus there is a count of 9 + 15 + 17 or 41 for these measures. 
The fourth measure loses a count of 4 because there is no 
melodic contrast. But there is a gain of 4 because of repeti- 
tion, and of 3 for tonic close. Thus there is a count of 18 + 3 
or 21 for the concluding measure, and so of 62 in all for the 
last phrase. 

This gives a count of 210 in all for the four phrases, an 
average of 3.5 elements of order for each of the 60 notes 
involved. 

But, according to the theory here advanced, it remains to 


330 Mathematical Theory of Aesthetics 


add in the count of the secondary melody formed by the 32 — 
accented notes. In my opinion there is little doubt that — 
this somewhat concealed melody forms an effective factor in 
the zxsthetic enjoyment. We shall not require that the 
rules for limitation of leaps be observed in the secondary 
melody. 

In the particular case under consideration the secondary © 
melody is as follows: 


3453 1252 3453 1271 
2323 2310 3453 1221 


and possesses obvious melodic quality. The harmonization 
of this brief melody given below has kindly been made by 
my colleague Professor W. H. Piston. 


The only new element of order which we find here is 
that of harmonic sequence. Here the harmonic sequences, 
531, 531, 3153, 531 in the tonic chord appear, for which we 
give a count of one for each note after the first and so of 
2 2+ Ore On tall: 

The count is 78 for this melody. 


: 
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Thus the grand total for this Beethoven chorale is 288 or 
an average of 4.8 elements of order for each note. In other 
_ words the esthetic measure M for this Beethoven chorale is 
_ 4.8 which turns out to be very high in comparison with that 

of most other melodies. 


-7. DEFINITION OF O, C AND M For Simp_e MELopy 


The following precise but tentative definitions of the 
elements of order in simple melody are suggested by the 
analysis of the above melody and of many others. 


(1) Tonic Start and Close 


There is a count of 1 for each note at the beginning as 
long as these lie in the tonic chord and are in the first 
measure. 

There is a like count of 1 for each note at the end as long 
as these lie in the tonic chord and are in the last measure; 
there is a further count of 1 if the last note is the tonic 
itself. 

(2) Cadence 


If there is a passage from dominant to tonic at the close 
of a phrase (that is, the final change of chord is from domi- 
nant to tonic) there is a count of 1 for each note involved 
and so of 2 in all. 

If the final chord is the dominant (half cadence) there is 
a count of 1 for the final note. 


(3) Repetition of Accented Notes 


According as one or both accented notes of a measure 
reappear in the following measure there is a count of 1 or 2 as 
the case may be, provided this is not caused by a mere 
repetition of the first measure. If both accented notes of 
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the first measure are the same, there is a count of 1 of | 


course. 
(4) Direct Repetition 


If a single note, or a pair of two notes of which the first 
is accented, or a measure, or a larger part, not the half of 
a phrase, be repeated within a phrase, there is a count of 1 
for each note of the first repetition. 

Moreover the approximate repetition of parts as large as 
a measure is counted provided there is at most one excep- 
tional note for each measure, the count being 1 for each | 
non-exceptional note; in this case the second repetition is 
also counted. 


(5) Repetition in Comparable Phrases 


If a part of one phrase at least a measure in length is 
repeated in a later phrase with which it is compared, or if 
notes in corresponding position are repeated, there is a 
count of 1 for each repeated note. 


(6) Transposition 


An exact transposition within a phrase, of at least a 
measure in length but not all in one direct melodic sequence, 
counts as 1 for each note of the first transposition up to a 
count of 4. If the transposition be repeated a second time 
within a phrase there is a count of 1 for each note of the 
second transposition, up to a count of 4, provided that the 
successive transpositions differ by step. 


(7) Inversion 


In a direct inversion of a rising or falling sequence of at 
least two notes there is a count of 1 for each repeated note, 
up to a count of 4. 
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In a rising or falling melodic sequence of at least three 
notes there is a count of 1 for each note after the first, up 
to a count of 4. 

(9) Harmonic Sequence 


A harmonic sequence of notes lying in the same con- 
sonant chord is counted 1 for each note after the first, up 
to a count of 4. 

(10) Melodic Contrast 


If a part B is compared (cf. section 4) with an earlier 
part 4, there is a count of 1 for each note of B which either 

differs by step from the corresponding note of 4, or which 
is different from any note found in 4. A sustained note 
is counted as double here. 

A phrase B will only be said to contrast with an earlier 
comparable phrase 4 in case the count for melodic contrast 
is at least one half the number of notes in B differing from 
the corresponding notes of 4.1 


(11) Harmonic Contrast 


If all of the notes of a measure but one fall in a consonant 
major chord there is a count of 1 each for the last two notes. 


(12) Secondary Melody 


A complete count of the elements of order of the above 
types is to be made for the secondary melody formed by the 
alternate accented notes. 

The order O is the total count of all the elements of order 
of the above types. 


1 Thus the song form 4ABA is only considered to be followed if B contrasts 
with the first phrase 4 in this manner. 
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The complexity C is the total number of notes of the — 
melody. 
The zsthetic measure M is then the ratio O/C. 


8. FuRTHER CONDITIONS OF SATISFACTORY FoRM 


There are some further conditions which must be fulfilled 
if satisfactory form is to be achieved. It is almost certain 
that the conditions of this kind enumerated below are in- 
complete. 

(1) Ease in Singing 


The rules of section 5 on the limitation of leaps will be 
adopted. 
(2) Regularity of Pattern 


Some established musical pattern must be followed. 
This implies a suitable distribution of half-cadences and 
cadences in the successive phrases as well as a tonic close, so 
that there is a sense of progression throughout. 


(3) Continuity 
If one or more notes fail to be connected with preceding 
notes through at least one element of order, there is felt 
to be discontinuity in the melody inasmuch as this note 


is not naturally suggested by what precedes. Such notes 
will not be admitted. 


(4) Freedom From Obvious Formal Blemishes 


It must not be possible to increase the total order O by 
alterations within a short succession of notes (say not more 
than four) together with corresponding alterations in its 
repetitions, transpositions and inversions. 

This condition operates to eliminate obvious cacophony 
because cacophonous repetitions do not lead to counted 
elements of order according to the rules adopted in section 7. 
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(5) Treatment of the Leading Note 


Unless the leading note occurs in a dominant sequence of 

at least three notes or in a repetition, transposition, or inver- 
sion, it must rise to the tonic note directly or via the super- 
tonic, or fall to the submediant note. 
- In fact the leading note so strongly suggests the tonic 
that unless it is imbedded in a dominant sequence or in a 
fixed pattern, it must proceed to the tonic note or to the 
related minor tonic. 


(6) The Secondary Melody 


The secondary melody, aside from the question of condi- 
tions (1)—(4) above, must rate as fair; for definiteness we 
shall require that MM shall rate at least as high as 1 for the 
secondary melody. 


(7) Rhythmic and Melodic Embellishment 


If a note be directly repeated it is often desirable to inter- 
pret it as a note which is held. Thus an advantageous 
rhythmic variation may be introduced. 

In a similar manner the insertion of half notes may soften 
gracefully a considerable leap, or introduce valuable ele- 
ments of contrast, or increase the rhythmic interest. 

Wherever possible we shall introduce such slight embel- 
lishments in the final interpretation, just as these were 
eliminated at the outset for purposes of exact formal analysis. 
By so doing, obvious awkwardness in the narrow type of 
simple melodies here treated can be mitigated without any 
fundamental alteration of the melodic relations involved. 


1In obtaining M for the secondary melody it will be of course necessary to 
treat its secondary melody, that is the tertiary melody of the original melody which 
is formed by the initial notes of the measures. 
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9. Tue APPLICATION TO MELopY 


The rules contained in sections 7 and 8 resulted from the © 
study of a variety of simple melodies. In each case I tried ~ 
to determine the effective elements of order by the method 
of introspection. In the experimental work I was kindly 
aided by Dr. C. B. Morrey. 

The principal conclusions may be summarized as follows: 
(1) for good simple melodies the zsthetic measure M was 
always high and in general at least 3; (2) 1t was not possible © 
to find purely mechanical sequences of notes for which M 
rates as high as 3; (3) it was not found possible by Mr. 
Morrey to devise sequences with a fair rating but without 
a certain degree of melodic quality. 

Consequently the theory seems to be fairly satisfactory 
as far as it goes. 

The reader who wishes to examine special melodies can 
readily verify the first conclusion. In order to verify the 
other conclusions, let him try to construct sequences of 
notes without melodic quality and yet with a high zsthetic 
measure 

In partial justification of the third conclusion I propose 
to turn next to certain experimentally constructed melodies, 
devised in the light of the theory and not by use of musical 
imagination. If these seem tolerable to the ear, the theory 
is justified to that extent. It is to be stressed that these 
experimental melodies were the only ones which I tried to 
build, and thus do not represent a selection out of a number 
of attempts. Furthermore these were constructed in the 
manner indicated below and in very brief time indeed. 

Mr. Piston has kindly given these attempts as favorable 


a setting as possible by supplying an appropriate harmo- 
nization. 


: 
of 
a 
ve 


f 
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10. First ExPpERIMENTAL MELopy 


The first experimental melody will be taken to be the 


secondary melody of the Beethoven chorale (see section 6). 


In order to rate it we must add to the count 78 already 


_ obtained a further count for the elements of order found in 


its secondary melody: 


so13 35:12 
2221 2912 


The total of these is readily verified to be 37, so that the 
total count is 115 and the esthetic measure MV of the first 
experimental melody is 3.6 as against 4.8 for the Beethoven 
chorale from which it was derived. 


11. SEconp EXPERIMENTAL MELopy 
The second experimental melody was obtained as follows: 
The Westminster chimes melody is essentially the fol- 
lowing little melody of 16 notes in four equal phrases: 
3125 5231 S215 5231 


in which the last note of each measure is accented. The 

count for the elements of order is 43. In the secondary melody 
3253 3153 

the count is 19.1 Thus O is 62 and M is 3.9. 

The first step was to construct an experimental melody 
of 32 notes of which the secondary melody is precisely the 
above Westminster chimes melody. This was done in the 
following manner: 

o244. 2755 moe S2ay 
S322 1155 5123 S241 


Here the precise selection of the non-accented notes was 


1 This melody of eight notes is taken as made up of two measures, each of which 
forms a phrase. 
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largely determined by the following considerations. The 
Westminster chimes melody suggests a four-part song form 
ABCB in which B and C contrast with 4. In the first 
measure it was obviously easy to fill up 3x 1x to be 3211 — 
and thus introduce the elements of melodic sequence, 
repetition and harmonic contrast. 

In the second measure 2* 5+ the leap from 2 to 5 was — 
most easily made by introducing an intermediate 7; by 
completing this measure to be 2755 the four notes were 
placed in a harmonic sequence within the dominant chord, 
and the second measure stood in complete melodic contrast 
to the first since its first note differs by step from that in 
the first measure, while the other three notes appear in the 
second measure for the first time. 

Similarly if we try to fill out the third measure 5 2 so 
as to contrast with 3211 (the third note being in contrast) 
we are naturally led to 5123, especially since 3 is accented — 
in the preceding measure and harmonic contrast is thereby 
secured. 

In the fourth measure 3x 1«, there is no possibility of 
securing effective melodic contrast with the comparable 
second measure 2755. The obvious completion to 3212 has 
obvious advantages when taken in conjunction with the 
first and third measures; in particular the final note gives a 
half-cadence. 

We will not remark upon the second half of the comple- 
tion except to observe that the third phrase is chosen in as 
strong melodic contrast to the first as possible, while the 
fourth phrase is taken as identical with the second in con- 
formity with the song form selected. 

In an entirely similar manner the above melody of 16 
notes was treated as itself a secondary melody, and expanded 
once more to the following melody in four phrases: 


arte 


4 
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3323 45 pamuamins? [Lop so) 
5112 2334 3323 1122 
3236 2322 1714 5655 
5112 2334 3323 1211 


This is given herewith in the key of G major, with the 
harmonization by Mr. Piston. 


Cee BES ie ee ee (Te Ee ee eo 

ae ee Sl ae ee 
jet EE > 

@ saw = 


Ss 


la, \°41 EEG EE REED META 
ese¢—j—__t—_+ _}+ 
(Ga Se Se Sol 
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The sustained notes have been introduced so as to reheved | 
the rhythmic flatness. | 

The total count for the elements of order in this melody # 
is 118, while the count for the secondary melody is 81. _ 
Consequently the zsthetic measure is 199/55 = 3.6. Hence — 
this is a fairly satisfactory melody, according to the theory © 
given above. The reader will have to judge for himself — 
whether it actually is so or not for him. 


12. Tuirp EXPERIMENTAL MELopy 


The third melody was obtained by taking as starting point — 
the measure 3236 which appears as the ninth measure of | 
the melody devised above. It was constructed purely 
mechanically and in the course of an hour. As first writ- 
ten the twelfth measure was 1233. Mr. Piston kindly 
suggested the modification to 1766. This is obviously a 
definite melodic improvement which not only avoids the 
leap of an octave at the end of the twelfth measure, but 
gives the more acceptable phrase form 


ANY as CV atta, 
whereas the first form 
ACV), AU) Bar 


is not usable because all of the three last phrases end in 
the tonic chord. It may be remarked in passing, however, 
that, aside from the fact that the original song form is not 
an acceptable one, the original sequence 1233 yielded a 
somewhat higher count. 

The precise form of the melody so arrived at was the 
following: 


4321 
4321 
4321 


Melody 


5515 
5515 


3236 
3236 


4455 


3236 
The harmonization by Mr. Piston in the key of G, is 


given herewith. 


ee ae eee ee ae 
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The total count for elements of order in the above experi- | 
mental melody and its secondary melody is 124 + 68 =) 
192 so that the esthetic measure M is about 3.2. 


13. THe PropLem or RHYTHM 


The important problem of rhythm is akin in its essential — 
nature to the problem of melody. This fact may be seen © 
as follows: i 

Let us imagine that only a full beat 4 and two half 
beats B are to be used as units. Any rhythmic pattern © 
based on these is then defined as a sequence at equal intervals © 
of time such as 


BABA BBBA BABA BBBA etc. 


This may be regarded as a kind of melody in two notes. 

We will not develop this analogy further. 

The problem of rhythm should be carefully studied from 
the point of view of the theory of zsthetic measure; it is 
essentially simpler than the problem of melody which we 
have considered. GeorcE D. BirkHoFF. 
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